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^ ■ Abstract. Stochastic Navier-Stokes equations in 2D and 3D possibly 

unbounded domains driven by a multiplicative Gaussian noise are con- 
sidered. The noise term depends on the unknown velocity and its spa- 
tial derivatives. The existence of a martingale solution is proved. The 
construction of the solution is based on the classical Faedo-Galerkin 
approximation, the compactness method and the Jakubowski version of 
the Skorokhod Theorem for nonmetric spaces. Moreover, some compact- 
ness and tightness criteria in nonmetric spaces are proved. Compactness 
results are based on a certain generalization of the classical Dubinsky 
Theorem. 
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1. Introduction. 



Let O C M be an open connected possibly unbounded subset with smooth 
boundary dO, where d = 2,3. We consider the stochastic Navier-Stokes 
equations 

— + {u-V)u- uAu + Vp = f{t) + G{t, u) dW{t), t G [0, T], 

in C, with the incompressibility condition 

divu = 



and with the homogeneous boundary condition u^qq = 0. In this problem 
u = u{t,x) = {ui(t,x), ...,U(i{t,x)) and p = p{t,x) represent the velocity 
and the pressure of the fluid. Furthermore, / stands for the deterministic 
external forces and G{t,u) dW{t), where is a cylindrical Wiener process, 
stands for the random forces. 

1 



2 



ZDZISLAW BRZEZNIAK AND ELZBIETA MOTYL 



The above problem can be written in an abstract form as the fohowing initial 
value problem 

du{t) + Au{t) dt + B{u{t)) dt = f{t)dt + G{u{t)) dWit), t e [0,T], 
u{0) = no. 

Here A and B are appropriate maps corresponding to the Laplacian and 
the nonlinear term, respectively in the Navier-Stokes equations, see Section 
[21 We impose rather general assumptions (G), (|G*|) and (|G**[) on the noise 
G{t,u)dW{t) formulated in (A. 3) in Section^ These assumptions cover the 
following special case 

oo 

G{t, u)dW{t) := Y^ii^^^^ (^) • ^)^(*' ^) + c^'^ (^)^(*' ^)] 

i=l 

where {/3^*^}jgj^ are independent real standard Brownian motions, see Sec- 
tion [6l 

We prove the existence of a martingale solution. The construction of a 
solution is based on the classical Faedo-Galerkin approximation, i.e. 

dUn{t) = -[PnAUnit) + S„, («„(*)) - dt + P„G(n„(t)) dW{t), 

Un{0) = PnUo 

given in Section [3 The crucial point is to prove suitable uniform a priori 
estimates on Un- Analogously to [21], we prove that the following estimates 
hold 

supE[/ ||u,i(s)||^ ds] < oo. 

n>l Jo 

and 

supEf sup < oo. 

n>l 0<s<T 

for p G [2,2 + 2^)5 where t] G (0,2) is given parameter, see Section HI 
Here, V and H denote the closures in the Sobolev space H^{0,M.'^) and 
L^(0,M'^), respectively of the divergence-free vector fields of class with 
compact supports contained in O. The solutions Un to the Galerkin scheme 
generate a sequence of laws {£(ii„), n G N} on appropriate functional spaces. 
To prove that this sequence of probability measures is weakly compact we 
need appropriate tightness criteria. 

In Section [3] we prove certain deterministic compactness results, see Lemmas 
I3.1l and [3^ If O is unbounded, then the embedding V ^ H is not compact. 
However, using Lemma 2.5 from |20j (see Lemma C.l in Appendix C), we 
can find a separable Hilbert space U such that 
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the embedding l : U ^ V being dense and compact. Then we have 

U ^ H ^ H' ^U', 

where H' and U' are the dual spaces of H and U, respectively, H' being 
identified with H and l' is the dual operator to the embedding l. Moreover, 
l' is compact as well. Modifying the proof of the classical Dubinsky The- 
orem, [38^ Theorem IV. 4.1], we obtain a certain deterministic compactness 
criterion, see Lemma 13. 1[ Namely, we will show that a set /C is relatively 
compact in the intersection 

Z := C([0, T]; U') H (0, T; V) H L\0, T; Hioc) 

if the following two conditions hold 

• sxv£>u<z}c jiQ \\u{s)\\y ds < oo, i.e. /C is bounded in L^(0, T;!/), 

• lim5_^osup„g,cSup,,te[o,T] \u{t) - u{s)\-u, = 0. 

|f-s|<<5 

Here C([0, T]; U') denotes the space of [/'-valued continuous functions, 
L^(0,T;F) is the space L?'{^,T;V) equipped with the weak topology and 
L'^{0,T; Hioc) is a Frechet space defined in (j3.6p in Section [3l Let us no- 
tice that the second condition implies the equicontinuity of the family /C 
of [/'-valued functions. Thus the above two conditions are the same as 
in the Dubinsky Theorem. However, since the embedding V ^ H is not 
compact, then in comparison to the Dubinsky Theorem we have the space 
L'^{0,T;Hioc) instead of L'^{0,T;H). 

Next, using this version of the Dubinsky Theorem, we will prove another 
deterministic compactness criterion, see Lemma 13.31 Namely, we will show 
that a set /C is relatively compact in the intersection 

Z := C([0, T]; [/') n L^(0, T; V) H L\0, T; Hioc) n C([0, T]; H^) 

if the following three conditions hold 

(a) sup„g^ sup^g[o,r] \u{s)\% < oo, 

(b) sup„g^ ds <oo, 

(c) lim5^osup„g,cSup,,t6[o,T] \u{t) - uis)\jj, = 0. 

\t-s\<5 

These results were inspired by Lemma 2.7 due to Mikulevicius and Rozovskii 
[31], where the case of O := M"', d > 2 is considered. In [31] the space L^(M'^) 
is compactly embedded in the Frechet space H-^^R"^) for sufficiently large 
ko- Then, the authors prove the deterministic compactness criterion in the 
intersection 

C([0,r];i7-f (M'^))nC([0,r];L2,(M'^))nL^(0,T;i/i(M<^))nL2(0,r;LL(M^)). 
The main difference with the approach of Mikulevicius and Rozovskii, is 
that instead of the Frechet space iJ^"^" (M"^) , we consider the space [/' dual 
to the Hilbert space U constructed in a special way by Holly and Wiciak, see 
[201 Lemma 2.5]. This allows us to prove the above mentioned modification 
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of the Dubinsky Theorem. The space U will be also of crucial importance 
in further construction of a martingale solution. 

Using Lemma 13.31 and the Aldous condition in the form given by Metivier 
|30| . we obtain a new tightness criterion for the laws on the space Z, see 
Corollary 13. 9[ Next, we prove that the set of laws {£(u.„),n G N} is tight 
on Z. The next step in our construction of a martingale solution differs 
from the approach of Mikulevicius and Rozovskii. We apply the method 
used by Da Prato and Zabczyk in |16l Chapter 8]. This method is based 
on the Skorokhod Theorem and the martingale representation Theorem. 
However, we will apply the Jakubowski's version of the Skorokhod Theorem 
for nonmetric spaces in the form given by Brzezniak and Ondrejat [11], [23]. 
In [16\ Chapter 8] the authors impose the linear growth conditions on the 
nonlinear term and assume the compactness of the appropriate semigroup. 
The assumptions considered in [161 Chapter 8] do not cover the stochastic 
Navier-Stokes equations, however, we can use the ideas introduced there. 
This method seems to us more direct. In the case of 2D domains we prove 
moreover the existence and uniqueness of strong solutions. 

Stochastic Partial Differential Equations (SPDEs) can be viewed as an in- 
tersection of the infinite dimensional Stochastic Analysis and Partial Differ- 
ential Equations. The theory of SPDEs began in the early 70's with works 
of Bensoussan-Temam [4], Dawson and Salehi [18] and many others. Due 
to contributions of several authors such as Pardoux [33] Krylov-Rozovskii 
[25], Da Prato-Zabczyk [16] many aspects of this new theory are now well 
developed and understood. The study of stochastic NSEs initiated in [^ was 
continued by many, for instance Brzezniak et all [3 [8], Flandoli and Gcitarek 
|21j . Hairer-Mattingly [19] and Mikulevicius- Rozovskii [31]. In the last pa- 
per the authors study the existence of a martingale solution of the stochastic 
Navier-Stokes equations for turbulent flows in W^, {d > 2) corresponding to 
the Kraichnan model of turbulence. 

Stochastic Navier-Stokes equations in unbounded 2D and 3D domains with 
the noise independent on Vu were considered by Capiiiski and Peszat |15j 
and Brzezniak and Peszat [12]. The solutions are constructed in weighted 
spaces. Invariant measures for stochastic Navier-Stokes equations with an 
additive noise in some unbounded 2D domains are investigated by Brzezniak 
and Li [9]. Our results generalize the corresponding existence results from 
|15j . [9] [21], and [31]. What concerns modelling of noise, we have tried 
to be as general as possible and include the roughest noise possible. One 
should bear in mind that the rougher the noise the closer the model is 
to reality. Moreover, Landau and Lifshitz their fundamental 1959 work 
[26l Chapter 17] proposed to study NSEs under additional stochastic small 
fluctuations. Consequently these authors considered the classical balance 
laws for mass, energy and momentum forced by a random noise, to describe 
the fluctuations, in particular local stresses and temperature, which are not 
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related to the gradient of the corresponding quantities. In [271 Chapter 12] 
the same authors found correlations for the random forcing by following the 
general theory of fluctuations. One of the requirements imposed on the noise 
is that it is either spatially uncorrelated or correlated as little as possible. 

The present paper is organized as follows. In Section [2] we recall basic 
definitions and introduce some auxilliary operators. In Section [3] we are 
concerned with the compactness results. In Section [U we formulate the 
Navier-Stokes problem as an abstract stochastic evolution equation. The 
main theorem about existence and construction of the martingale solution 
is in Section \5\ Some auxilliary results connected with the proof are given 
in Appendices A and B. In Section [U we consider some example of the 
noise. For the convenience of the reader, in Appendix C we recall Lemma 
2.5 from [2^ with the proof. Section [7] and Appendix D are devoted to 2D 
Navier-Stokes equations. 

Acknowledgments. The authours would like to thank an anonymous ref- 
eree for most useful queries and comments which led to the improvement of 
the paper. 



2. Functional setting 

2.1. Notations. Let {X, \ ■ \ -^), {Y, \ ■ |y) be two real normed spaces. The 
symbol C{X,Y) stands for the space of all bounded linear operators from 
X ioY. If y = M, then X' := /:{X,R) is called the dual space of X. The 
symbol x'{', •) x denotes the standard duality pairing. If no confusion seems 
likely we omit the subscripts X',X and write (•,•). If both spaces X and 
Y are separable Hilbert, then by T2{Y,X) we will denote the Hilbert space 
of all Hilbert-Schmidt operators from Y to X endowed with the standard 
norm. 

Assume that X, Y are Banach spaces. Let ^4 be a densely defined linear 
operator from X to Y and let D{A) denote the domain of A. Let 

D{A') := {y' G Y' : the linear functional y' o A : D{A) M is bounded.} 

Note that D{A') = Y' ii A is bounded. Let y' £ D{A'). Since A is densely 
defined, the functional y' oA can be uniquely extended to the linear bounded 
functional y' o A £ X' . The operator A' defined by 

A'y':=V^, y'£DiA'), 

is called the dual operator of A. 

Assume that X, Y are Hilbert spaces with scalar products (•, and (•, ■)y, 
respectively. Let A : X D D{A) Y he a densely defined linear operator. 
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By A* we denote the adjoint operator of A. In particular, D{A*) C Y, 
A* : D{A*) X and 

{Ax,y)Y = {x,A*y) ,^, x e D{A), y e D{A*). 

Note that D{A*) =Y if A is bounded. 

2.2. Basic definitions. Let O C M'^ be an open subset with smooth bound- 
ary do, d = 2,3. Let p G (1, oo) and let LP{0, M'^) denote the Banach space 
of Lebesgue measurable M'^-valued p-th power integrable functions on the 
set O. The norm in L^(C',M^) is given by 

||u||^p := \u{x)\Pdxy, ueLP{0,R'^). 

By L°°{0,'K'^) we denote the Banach space of Lebesgue measurable essen- 
tially bounded M'*- valued functions defined on O. The norm is given by 

\\u\\l^ := esssup{|n(x)|, xgO}, uG L°°{0,R'^). 

lip = 2, then L'^{0,W^) is a Hilbert space with the scalar product given by 

{u,v).^:= / u{x)-v{x)dx, u,v £ L^{0,R'^). 
Jo 

Let H^{0,W^) stand for the Sobolev space of all u G L'^{0,W^) for which 
there exist weak derivatives ^ G L'^{0,W^), i = l,2,...,d. It is a Hilbert 
space with the scalar product given by 

{u,v)^, := {u,v)^, + {{u,v)), u,v e H^CW^), 

where 

{iu,v)) := {Vu,Vv)^, = ^ J^£-- £-dx, u,veH\0,R\ (2.1) 

Let C'^{0,W^) denote the space of all M'^- valued functions of class C°° with 
compact supports contained in O and let 

V := {u G C'^{0,W^) ■ divn = 0}, 
H := the closure of V in L'^{0,R'^), 

V := the closure of V in i/i(C',M"'). 

In the space H we consider the scalar product and the norm inherited from 
L'^{0,W^) and denote them by (•, and | • \h, respectively, i.e. 

{u,v)j^:={u,v)^2, Hh ■= \\u\\l^, u,v £ H. 
In the space V we consider the scalar product inherited from H^{0, W^), i.e. 

{u,v)y:={u,v)^+{{u,v)), (2.2) 
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where ((•,•)) is defined in ()2.ip . and the norm the norm induced by (•, 
i.e. 

\\u\\v ■■= Hh + \\uf , (2.3) 

where := ||Vti||^2- 

Let us consider the following tri-linear form 

b{u,'w,v) = / {u-Vw)vdx. (2-4) 
JO 

We will recall the fundamental properties of the form h. Since usually one 
considers the bounded domain case we want to recall only those results that 
are valid in unbounded domains as well. 

By the Sobolev embedding Theorem and the Holder inequality, we obtain 
the following estimates 

\h{u,w,v)\ < \\u\\ i^i\\w\\y\\v\\ (2-5) 

< C||li||y U^W,V^V (2-6) 

for some positive constant c. Thus the form b is continuous on V , see also 
|35j . Moreover, if we define a bilinear map B by B(u,w) := b^UjW, •), then 
by inequality ()2.6p we infer that B{u,w) S V for all u,w and that the 
following inequality holds 

|i3(M, t(;)|y/ < c||ii||y ll'wily, u,w ^V. (2-7) 

Moreover, the mapping B : V ^ V ^ V \s bilinear and continuous. 

Let us also recall the following properties of the form 6, see Temam [35j . 
Lemma IL1.3, 

b{u,w,v) = —b{u,v,w), UjWjVGV. (2-8) 

In particular, 

b{u,v,v)=0 u,veV. (2.9) 

Let us, for any s > define the following standard scale of Hilbert spaces 

Vs := the closure of V in H'iC'K'^). 

If s > ^ + 1 then by the Sobolev embedding Theorem, 

H'-^iCM."^) ^ Cb{0,M.'^) ^ L°°(C',M°'). 

Here Cb{0, R'^) denotes the space of continuous and bounded M'^- valued func- 
tions defined on O. If u,w €z V and v G Vg with s > ^ + 1 then 

\b{u,W,v)\ = \b{u,V,w)\ < ||^t||i2 ||tt^||i2 ||Vu||ioo < C||n||^2 ||lL'||j;^2 ||f 

for some constant c > 0. Thus, b can be uniquely extented to the tri-linear 
form (denoted by the same letter) 

b: H X H xV.^R 
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and \b{u,w,v)\ < c\\u\\j^2\\'w\\^2\\'v\\v^ u,w £ H and v E Vs- At the 
same time the operator B can be uniquely extended to a bounded bihnear 
operator 

B : H X H ^V^. 
In particular, it satisfies the following estimate 

\B{u,w)\v^<c\u\j^\w\jj, u,w £ H. (2.10) 

We will also use the following notation, B{u) := B{u,u). 

Lemma 2.1. The map B : V ^ V' is locally Lipschitz continuous, i.e. for 
every r > there exists a constant L^. such that 

\B{u) — B{u)\y, < Ly.\\u — u\\y, u,u£V, ||u||y , ||n||y < r. (2.11) 

Proof. This is classical but for completness we provide the proof. The as- 
sertion follows from the following estimates 

\B{u,u) — B{u,u)\y, < \B{u,u — u)\y, + \B{u — u, u)\y, 
< ||i?||(||u||y + ||n||y)||ti — 'u||y<2r||i?|| - Hn — n||y. 

Thus the Lipschitz condition holds with = 2r||i?||, where ||-B|| stands 
for the norm of the bilinear map B : V x V ^ V' . The proof is thus 
complete. □ 



2.3. Some operators. Consider the natural embedding j : V ^ H and 
its adjoint j* : H ^ V. Since the range of j is dense in H, the map j* is 
one-to-one. Let us put 

D{A) :=j*{H)cV, 

Au:={j*y\, u£D{A). (2.12) 
Notice that for all u £ D{A) and v £V 

{Au,v)^= {u,v)y. (2.13) 
Indeed, this follows immediatelly from the following equalities 

{Au\v)h = iij*y^u\v)fj = iU*r^u\jv)H = {j*ij*y'^u,v)y = {u,v)y. 
Let 

Au := {{u, •)), ue V, 

where ((•,•)) is defined by (j2.ip . Let us notice that if u £ V, then Au G V 
and 

l^iily/ < ||n||. (2.14) 
Indeed, from (j2.3p and the following inequalities 

\{{u,v))\ < \\u\\ ■ \\v\\ < ||n||(||u||^ + Ivljj)^ = \\u\\ ■ \\v\\y, V eV, 
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it follows that Au £ V and inequality ()2.14p holds. Denoting by (•, •) the 
dual pairing between V and V , i.e. (•, •) := y'(-, ■)v', we have the following 
equality 

{Au, v) = {{u, v)) , u,v£V. (2.15) 

Lemma 2.2. 

(a) For any u € D[A) and v GV : 

{{A - I)u\v)h = {{u, v)) = {Au, v) , 
where I stands for the identity operator on H. In particular, 

\Au\v' <\{A- I)u\h. (2.16) 

(b) D{A) is dense in H . 

Proof. To prove assertion (a), let u £ D{A) and v^V.By (fZTSD . (lO) and 
(j2.15p . we have 

{Au\v)jj = {u,v)y = {u,v)^ + {{u,v)) = {lu,v)^ + {Au,v). 

Let us move to the proof of part (b). Since V is dense in H, it is sufficient 
to prove that D{A) is dense in V. Let w G y be an arbitrary element 
orthogonal to D{A) with respect to the scalar product in V . Then 

{u,w)y = Q for u^D{A). 

On the other hand, by (a) and (12. 2p . {u,uj)y = {Au,w)jj for u € D{A). 
Hence {Au,w)jj = for u € D{A). Since A : D{A) H is onto, we infer 
that w = 0, which completes the proof. □ 

Let us assume that s > 1 . It is clear that Vg is dense in V and the embedding 
js '■ Vs ^ V is continuous. Then by Lemma C.l in Appendix C, there exists 
a Hilbert space U such that U C Vs, U is dense in Vs and 

the natural embedding ig : U ^ Vg is compact . (2-17) 

Then we have 

U ^Vs^V ^ H ^ H' ^V' ^U'. (2.18) 

is j j' j's 4 

Since the embedding Lg is compact, i'^ is compact as well. Consider the 
composition 

I' ■= j ° js° i^s ■ U ^ H 

and its adjoint 

i* ■■= [j o js o h)* = i*sO fs of:H^U. 

Note that l is compact and since the range of l is dense in H , l* : H ^ U is 
one-to-one. Let us put 

D{L) := i*{H) C U, 

Lu:= {t*)~^u, ueD{L). (2.19) 
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It is clear that L : D{L) H is onto. Let us also notice that 

{Lu,w) = {u,w)^, u£D{L), wGU. (2.20) 
Indeed, by (12.190 we have for all u E D(L) and w £ U 

which proves (j2.20p . By equality (j2.20p and the densiness of U in H, we 
infer similarly as in the proof of assertion (b) in Lemma 12.21 that D{L) is 
dense in H. 



Moreover, for u € D{L), 

where A is defined by ()2.12p . 
Let us also put 

D{Ls) := l:{Vs) C U, 

LsU:={L*y\, ueD{Ls) (2.21) 

and 

D{A,) ■.= j*{V)cV,, 

Asu:={j:y\, u€D{As). (2.22) 

The operators Lg : D{Ls) — )■ Vg and As : D{As) — V are densely defined 
and onto. Let us also notice that 

L = Ao Aso Ls. (2.23) 



Since L is self-adjoint and is compact, there exists an orthonormal 
basis {ei}-^^ of H composed of the eigenvectors of operator L. Let Aj be 
the eigenvalue corresponding to Cj, i.e. 

Lei = hei, i G N. (2.24) 

Notice that ej S C/, i E N, because D{L) C U . Let us fix n E N and let 
span{ei, e^} denote the linear space spanned by the vectors ei, e^. Let 
Pn be the operator from U' to spa?i{ei, e„} defined by 

n 

Pnu* ■.= Y,U'{u\e^)ue,, u* E U' . (2.25) 

i=l 

We will consider the restriction of the operator P„ to the space H denoted 
still by Pn- More precisely, we have H ^ U' , i.e. every element u € H 
induces a functional u* E U' by the formula 

U'{u*,v)jj := {u,v)^, V eU. 
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Thus the restriction of Pn to H is given by 

n 

Pnu = {u, ei)^eu ueH. (2.26) 



i=l 



Hence in particular, P„ is the (•, •) j^-orthogonal projection from H onto 
span{ei, ...,€„}. Restrictions of Pn to other spaces considered in (|2.18|) will 
also be denoted by Pn- 

Lemma 2.3. The following equality holds 

[Pnu\v)^ = U'{u\Pnv)u, G U' , V £ U. (2.27) 

Proof. Let us fix u* £ U' and v £ U. By p:25]) and (f2:26]l the assertion 
follows from the following equalities 

n n 

{Pnu\v)^ = {^u'{y*,ei)^ei,v^ ^ = Yu'{u*,ei)jj{v,ei)^ 

i=l i=l 

n 

= U'{u*,PnV)ij. 



U' 

1=1 



The proof of ()2.27p is thus complete. □ 
Let us denote 



Ci ■= i G N. 



Lemma 2.4. (a) The system {ei}-^^ is the orthonormal basis in the 
space ([/,(•, •)j^) . Moreover, 

A, = ||e,||^, zGN. (2.28) 

(b) For every n G N and u £ U 

n 

PnU = Y,{u,ei)^ei, (2.29) 

1=1 

i.e. the restriction of Pn to U is the [■,-) ^j- orthogonal projection 
onto span{ei, e„}. 

(c) For every u £ U and s > we have 

(i) liuin^ooWPnU- u\\jj = 0, 

(ii) lim„^oo \\PnU -u\\y^ =0, 

(iii) lim^^oo ll-Pn^^ - ""lly = 0. 
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Proof. By (12:20]) and l^:2^ 

{ei,ej)jj = {Lei,ej) ^ = Xi{ei,ej) ^ = Xi6ij, i,i G N, (2.30) 

where 6ij := 1 if i = j and 6ij := if i / j. In particular, equality (j2.28p 
holds. By (|2.30p and ()2.28p the system {ejjjgj^ is orthonormal in U. To prove 
that it is a basis in U let h € U be an arbitrary vector (•, •) ^^-orthogonal to 
each Cj, i G N. By (j2.20p and (j2.24p we obtain the following equalities 

= {h,ei)^ = [h,Lei)^ = \i{h,ei)^, i G N. 

Since A.j > 0, 

[h,ei)^ = 0, i G N. (2.31) 

Since {ejj^gj,^ is the (•,•) ^-orthonormal basis in H, we infer that h = 0. 
This means that the system {ei}-^-^ is the (•, •) ^^-orthonormal basis in U. 

To prove assertion (b) let us fix u G U. By ([228]), and ([2:20]) . we 

have 

{u,ei)^ei = (u, "^'1^' ] = (u, L-^—) = [u,ei)^ei, i G N. 

1 1 1 1 [/ 1 1 1 1 C/ I pi 1 1 [/ 1 1 1 1 (7 

(2.32) 

By (p:26]l and (|2:32]l 

n n 
i=l i=l 

Since {cij^gf^ is the (•,•) ^-orthonormal basis in U, the restriction of Pn to 
the space U is the (•, •) ^^-orthogonal projection onto span{ei, ...,6^}. 

Assertion (c) follows immediately from (b) and the continuity of the embed- 
dings 

U ^Vs^V. 

This completes the proof of the Lemma. □ 



3. Compactness results. 

3.1. Deterministic compactness criteria. Let us choose s > f + 1- We 
have the following sequence of Hilbert spaces 

U ^Vs^V ^ H ^ H' ^V' ^U', (3.1) 

with the embedding being compact. In particular, 

H ^H' ^U' (3.2) 

and l' is compact as well. Let (C'-R)^gi^ be a sequence of bounded open 
subsets of O with regular boundaries OOr such that Or C Oij+i and 
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U^=i Or = We will consider the following spaces of restrictions of 
functions defined on O to subsets Or, i.e. 

Hon ■■= ^^H} Von ■■= {v\On^ V E V} (3.3) 

with appropriate scalar products and norms, i.e. 

^ J On 

{u,v)y ■= I uvdx+ I VuVvdx, n, uGVo^ 
°R Jor Jor 

The symbols -ffo^ and will stand for the corresponding dual spaces. 

Since the sets Or are bounded, 

the embeddings Vor ^ are compact. (3-4) 

Let us consider the following three functional spaces, analogous to those 
considered in 1311: 



C([0,T], [/') := the space of continuous functions u : [0, T] — )• [/' 
with the topology 71 induced by the norm 

ll^llc(fo,Ti,c/') '■= sup \u{t)\u', 
te[o,T] 

L^(0, T; V) := the space L^(0, T; V) with the weak topology Ti, 
L^{0,T; Hioc) '■= the space of measurable functions u : [0,T] — )• if (3.5) 
such that for all G N 

9t,r('") := h\\LHo,T;Hoj,) ■= (yj^ \u{t,x)\'^ dxdt^ <oo, (3.6) 
with the topology Ts generated by the seminorms {qT,R)jiQfq- 

The following lemma was inspired by the classical Dubinsky Theorem, see for 
instance the monograph |38j , and the compactness result due to Mikulevicius 
and Rozovskii contained in [31\ Lemma 2.7]. The proof will be a certain 
modification of the proof of [381 Theorem IV. 4.1], see also |28| . 

Lemma 3.1. Let 

Z := C([0, T]; U') n (0, T; V) H L\0, T; Hioc) (3.7) 

and let T be the supremum of the corresponding topologies. Then a set 
IC C Z is T-relatively compact if the following two conditions hold 

(i) supu^^ Jq \\u{s)\\y ds < oo, i.e. K, is bounded in L'^{Q,T\V), 

(ii) lim5^osup„g^sup,.tg[o,T] \u{t) - u{s)\jj, = 0. 

|i-s|<<5 
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Proof. We can assume that fC is closed in T- Because of the assumption 
(i), the restriction to /C of the weak topology in L'^{0,T;V) is metrizable. 
Since the topology in L'^{0,T; Hioc) is defined by the countable family of 
seminorms (j3.6p . this space is also metrizable. Thus the compactness of 
a subset of Z is equivalent to its sequential compactness. Let (it„) be a 
sequence in /C. By the Banach-Alaoglu Theorem condition (i) yields that K. 
is compact in L'^{0,T; V). 

Arguing analogously to the proof of the classical Arzela-Ascoli Theorem, we 
will prove that (ii„) is compact in C([0, T]; U'). 

Let us consider the following set 

loo := {t G [0,r] : lim \\un{t)\\y = oo}. (3.8) 
The set /qo is Lebesgue measurable because 

oo oo oo 
n=l k=n l=k 

Moreover, its measure is equal to zero. Lideed, let us notice that otherwise 

/ ll^^nlOlly ^ / \\un{t)\\v dt > nLeh{Iryo) ^ OO as n — >• oo, 
which contradicts asssumption (i). 

By (|3.8p . for every t £ [0,T] \ loo, the sequence (ttn(t))„gp^ contains a sub- 
sequence bounded in V. Furthermore, since the embedding V ^ U' is 
compact, this subsequence contain a subsequence convergent in U' . 

Let {iijjgN ^ [Oi^] \ -^oo be a dense subset of [0,r]. Using the diagonal 
method we can choose a subsequence, still denoted by (ti„)„gj^ such that 

(?i„,(tj))^gj^ is convergent in U' for each i G N. (3-9) 

We will prove that the sequence (ii„) is Cauchy in C([0,T]; U'). To this end 
let us fix e > 0. By (ii) there exists 5 > such that 

sup sup \v{t) - v{s)\u' < ^• 
vgK. 3,te[o,T], <J 
\s-t\<5 

Let us fix t € [0,T]. There exists i G N such that |t — fj| < 5. Then for 
sufficiently large m, n G N we have the following estimates 

\Un(t)-Um{t)\u' < \Un{t)-Un{ti)\u' + \'^n{ti)-Um{ti)\u' + \Umiti)-Umit)\u' < E. 

Since t G [0, T] was chosen in an arbitrary way we infer that 

sup \Un{t) - Um{t)\ui < £ 

iG[o,r] 

which means that the sequence (un) is Cauchy in C([0,T]; U'). 
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Therefore there exists a subsequence (un,,) C (un) and u G L'^{0,T;V) n 
C{[0,T];U') such that 

Un^^u in Ll{0,T;V)nC{[0,T];U') as k ^ oo. 

In particular, for all p £ [1, oo) 

^ u in LP(0,T;U') as fc — )• cxd. 

We claim that 

Un^. u in L'^{0,T; Hioc) as k —?■ oo. (3.10) 

In order to prove ()3.10p let us fix > 0. Since, by ()3.4p the embedding 
Voji ^ Hoji is compact and the embeddings Hq^^ ^ H' ^ U' are con- 
tinuous, by the Lions Lemma, [28], for every e > there exists a costant 
C = Ce,R > such that 

KIho^ < e||n||^^^ +C7|u|^,, u e V. 

Thus for almost all s € [0, T] 

l^^nfc(s) --"(s)!^^^ < e\\un^{s) - u{s)\\l^^ +C|u„,(s) - n(s)|^,. A; G N, 

and so 

2 ||2 
IP^fe ~ ^llL2(0,T;/i'o^) - ^IP"fe ~'"llL2{0,T;Vb^) +^ll'"™fc ~ ""11 L2{0,T;;7') ' ^ ^ ^• 

Passing to the upper limit as A; — ?• oo in the above inequality and using the 
estimate 

|2 ^o/ll-.. I|2 ill^,ll2 



Fnfe ~ '"llL2{0,T;Vo^) - ^ 111""^ II ^2(0,^; Vo^) ir"llL2(o,T;Vb^) 

where C2 = sup^g^,^ ll^lli2(o T-y)' infer that 



< 2(||u„J|^2(o,r;Vo„) + ll^llL2(0,T;yo„)) ^ 4C2, 



limsup ll-u^, - 'u||i2(o,T;Ho^) < 4c2e, 



2{0,T;y)' 

) ll'Un^^ - 'U|'^ 

By the arbitrariness of e, 

The proof of Lemma is thus complete. □ 

Let Hyu denote the Hilbert space H endowed with the weak topology. Let 
C([0, T]; H^) := the space of weakly continuous functions u : [0,T] ^ H 
endowed with the weakest topology T4 such that 
for all h & H the mappings 
C([0, T];H.^) (u(-), h)^e C([0, T]; M) 

are continuous. (3.11) 
In particular, u„ — )■ n in C([0, T]; Hyj) iff for all h & H: 
lim sup |(n„(i) — n(t)|/i)^| = 0. 
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Let us consider the ball 



M:={xeH: < r}. 



Let denote the ball B endowed with the weak topology. It is well-known 
that My^ is metrizable, see [6]. Let q denote the metric compatible with the 
weak topology on B. Let us consider the following subspace of the space 



Since by the Banach-Alaoglu Theorem B^ is compact, {C{[0,T];Mw), g) is 
a complete metric space. The following lemma says that any sequence 
(un) C C([0, T]; B) convergent in C([0, T];U') is also convergent in the space 



Lemma 3.2. (see Lemma 2.1 in [TO]) Let Un : [0, T] if, n G N be 

functions such that 

(i) sup„gNSup^g[o,r] \unis)\H< r, 

(ii) Un-^u inC{[0,T];U'). 

Then u, Un G C([0, T]; B^) and Un ^ u in C([0, T];Mw) as n ^ oo. 

The proof of Lemma 13.21 is the same as the proof of Lemma 2.1 in |10j . 

The following lemma is essentially due to Mikulevicius and Rozovskii, see 
|31| . We prove a version of it which we will use in the forthcoming tightness 
criterion for the set of measures induced on the space Z, see Corollarv 13.91 
The main difference in comparison to |31j is that instead of the whole space 
R"^ we consider any open subset O and instead of the Frechet space -f^;"^" iW^) 
we take the Hilbert space U' . 

Lemma 3.3. (see Lemma 2.7 in [31]) Let 



Z := C([0, T]; U') H (0, T; V) H L\0, T; Hi,,) H C([0, T]; H^) (3.14) 



and let T be the supremum of the corresponding topologies. Then a set 
fC <Z Z is T-relatively compact if the following three conditions hold 




(3.12) 



(3.13) 



C([0,r];B^). 



(a) sup„g^sup^g[o,T] Hs)\h < oo, 

(b) sup^g^ lk(s)f ds < oo, 

(c) lim5^oSup„g^sup,,tg[o,T] \u{t) - u{s)\^, = 0. 



t-s\<S 
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Proof. Let us notice that Z = Z D C{[0,T], H^j), where Z is defined by 
(j3.7p . Without loss of generahty we can assume that /C is a closed subset 
of Z. Because of the assumption (a) we may consider the metric subspace 
C([0,r];B^) C C{[0,T];H^) defined by U^THh and ([37l3\\ . From assumptions 
(a), (b) and definition ()2.3p of the norm in V, it follows that the set /C is 
bounded in L^(0, T; V). Therefore the restrictions to /C of the four topologies 
considered in Z are metrizable. Let (un) be a sequence in Z. By Lemma 
13.11 the boundedness of the set JC in L'^{0,T;V) and assumption (c) imply 
that /C is compact in Z. Hence in particular, there exists a subsequence, 
still denoted by (n„), convergent in C([0, T]; [/'). Thus by Lemma [3^ the 
sequence (n„) is convergent in C([0,r];B„,) as well. The proof of Lemma is 
thus complete. □ 

3.2. Tightness criterion. Let (S, g) be a separable and complete metric 
space. 

Definition 3.4. Let u G C([0,T],S). The modulus of continuity of u on 
[0, T] is defined by 

m{u,6) := sup Q{u{t) , u{s)) , 6 > 0. 

s,te[0,T],\t-s\<5 

Let (0, J-, P, ) be a probability space with filtration F := {J-t)^^^Q satisfying 
the usual conditions, see [29], and let {Xn)^^^ be a sequence of continuous 
F-adapted S-valued processes. 

Definition 3.5. We say that the sequence (Xn) of S-valued random vari- 
ables satifies condition [T]ifFVe>0 Vr?>0 36 > 0: 

sup F{m{Xn, 6) >T]} < £. (3.15) 

nGN 

Lemma 3.6. Assume that satifies condition [T]. Let he the law 

of Xn on C([0,r],S), n £ N. Then for every e > there exists a subset 
Ae C C{[0,T],§) such that 

supP„,(A,) >l-£ 

ngN 

and 

lim sup m(n, 5) = 0. (3.16) 

Now, we recall the Aldous condition which is connected with condition [T], 
see j30j and [2] . This condition allows to investigate the modulus of continu- 
ity for the sequence of stochastic processes by means of stopped processes. 

Definition 3.7. A sequence {Xn)^^^ satisfies condition [A] iff 
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Ve>0 V77>0 35 > such that for every sequence (T„),„gj5^ of F- 
stopping times with r„, < T one has 

sup sup F{g{Xrr{Tn + e),Xn{Tn)) >r]} <e. 
ngN 0<e<5 

Lemma 3.8. (See [30], Th. 3.2 p. 29) Conditions [A ] and [T] are equiv- 
alent . 



Using the deterministic compactness criterion formulated in Lemma 13.31 we 
obtain the following corollary which we will use to prove tightness of the 
laws defined by the Galerkin approximations. Let us first recall that [/ is a 
Hilbert space such that 

U 

and the embedding U ^ V \s dense and compact. Moreover, we consider 
the following space 

^:=C([0,r];C/')nL2(0,T;F)nL2(0,r; nC([0,T];if^), 

equipped with the topology T, see ()3.14p . 



Corollary 3.9. (tightness criterion) Let {Xn)^^^ he a sequence of con- 
tinuous ¥-adapted U' -valued processes such that 

(a) there exists a positive constant Ci such that 

supE[ sup \Xn{s)\]j\ < Ci. 
nSN sG[0,T] 

(b) there exists a positive constant C2 such that 



supE 

neN 



\Xn{sWds 



< Co. 



(c) (^n)neN satisfies the Aldous condition [A] in U'. 

Let P„ be the law of Xn on Z. Then for every e > there exists a compact 
subset Kfr of Z such that 

sup]P„(Ke) > 

neN 

Proof. Let e > 0. By the Chebyshev inequality and (a), we infer that for 
any n G N and any r > 



sup \Xn{s)\]i > r ) < 
se[o,T] / 

Let Ri be such that ^ < f . Then 



^[suP.g[0,T] \Xn{s)\]i\ ^ Ci 



sup J 



sup \Xn{s)\]j > Rl] < 



neN Vse[0,T] 

Let Bi := {^u ^ Z : sup^gjg.T] < -Ri}- 
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By the Chebyshev inequality and (b), we infer that for any n G N and any 
r > 



^n|lL2(o,T;y) > - ^2 ' ' ' ' - 72 



2 



^^[ll^"lli2(0,T;\/)] ^ C; 

Let i?2 be such that ^ < |. Then 

supP(||X„||^2(o,T;y) > ^2) < ^• 
Let ^2 := G -2 : ||ii|li2(o,T;V) - -^2}- 



By Lemmas 13.81 and 13.61 there exists a subset C C([0, T],J7') such that 
Fn(^|) > 1 - I and 

hm sup sup \u(t) — u{s)\ui = 0. 

S^OueAe s,tG[0,T] 

" \t-s\<S 

It is sufficient to define K,. as the closure of the set Bi D B2 O in Z. By 
Lemma 13.31 is compact in Z. The proof is thus complete. □ 



Diggresion. If we omit assumption (a) in Corollary 13.91 then using Lemma 
3.H we obtain the following tightness criterion in the space [Z,T) defined 
by ([32]). 



Corollary 3.10. (tightness criterion in Z) Let be a sequence 

of continuous ^-adapted U' -valued processes such that 

(i) there exists a positive constant C such that 

cT 



supE 



< C. 



\Xn{s)fyds 

(ii) (^n)„,gN satisfies the Aldous condition [A] in U'. 

Let P„ be the law of Xn on Z. Then for every e > there exists a compact 
subset of Z such that 

supP„(K,) > 

neN 
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3.3. The Skorokhod Theorem. We will use the following Jakubowski's 
version of the Skorokhod Theorem in the form given by Brzezniak and On- 
drejat [TT], see also [23]. 

Theorem 3.11. (Theorem A.l in Let X be a topological space such 
that there exists a sequence {fm} of continuous functions /m : — K that 
separates points of X . Let us denote by S the a-algebra generated by the 
maps {fm}- Then 

(jl) every compact subset of X is metrizable, 

(j2) if (fim) is a tight sequence of probability measures on {X,S), then 
there exists a subsequence (mk), a probability space {Q,J-,¥) with 
X -valued Borel measurable variables (,k,(, such that fim^ the law 
of cLnd ^fc converges to ^ almost surely on ^1. Moreover, the law 
of ^ is a Radon measure. 

Using Theorem 13. IH we obtain the following corollary which we will apply 
to construct a martingale solution to the Navier-Stokes equations. 

Corollary 3.12. Let {r]n)n0i ^ sequence of Z-valued random variables 
such that their laws C{r]n) on [Z^ T) form a tight sequence of probability 
measures. Then there exists a subsequence (n^), a probability space ($7, J-", P) 
and Z-valued random variables fj,fjk, k £ N such that the variables rjk and 
•fjk have the same laws on Z and fjk converges to fj almost surely on Q. 

Proof. It is sufficient to prove that on each space appearing in the definition 
(j3.14p of the space Z there exists a countable set of continuous real-valud 
functions separating points. 

Since the spaces C([0, T]; U') and L^(0, T; LIioc) are separable metrizable and 
complete, this condition is satisfied, see [3], expose 8. 

For the space L^(0,T; V) it is sufficient to put 



where {vm^'m G N} is a dense subset of -L^(0, T; V). 

Let us consider the space C([0, T]; ff^,) defined by (13. lip . Let {km, m S N} 
be any dense subset of and let Qt be the set of rational numbers belonging 
to the interval [0,T]. Then the family {fm,t, m G N, t £ Qt} defined by 

:= GM, ueC{[0,T];H^), m G N, t e Qt 

consists of continuous functions separating points in C([0, T];Hw). Now, the 
statement follows from Theorem 13.11^ which completes the proof. □ 





m G N, 
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We consider the following stochastic evolution equation 

du{t) + Au{t)dt + B{u{t),u{t)) dt = f{t)dt + G{u{t)) dW{t), t £ [0,T], 

(4.1) 

Assumptions. We assume that 

(A.l) W{t) is a cylindrical Wiener process in a separable Hilbert space 
Y defined on the stochastic basis (fi, J',F,P) with a filtration F = 

(A.2) uo€H, f €L\0,T;V'y, 

(A. 3) The mapping G : V ^ T2{Y, H) is Lipschitz continuous and 

2{Au,u)-\\G{u)\W^Y,H)>vM^-Mu?H-p, ueV, (G) 
for some constants Aq, p and r/ G (0, 2]. 

Moreover, G extends to a mapping G : H ^ TiiY, V') such that 

||G'(n)||2-^(^,^,)<C(l + |n|^), u(^H. (G*) 

for some C > 0. Moreover, for every -0 € V 

the mapping H B {G{u),ip) G y is continuous, (G**) 

if in the space H we consider the Frechet topology inherited from 
the space Ll^{0,R'^). 

By Lf^^{0,M.'^) we denote the space of all Lebesgue measurable M'^-valud 
functions v such that dx < oo for every compact subset K C O. 

In this space we consider the Frechet topology generated by the family of 
seminorms ^ 

(/ \v{x)\'^dxY, RgN, 

where (Or)^^^ is any increasing sequence of open bounded subsets of O. 

More precisely, in condition ()G**P we identify with the mapping 

ip**G: H ^Y' defined by 

{r*Giu))y:={Giu)y)ijGM, uGH, yGY. {&**) 

Inequality (G) in assumption (A. 3) is the same as considered by Flandoli and 
Gcitarek in [21] for bounded domains. The assumption rj = 2 corresponds 
to the case when the noise term does not depend on Vn. We will prove 
that the set of measures induced on apropriate space by the solutions of 
the Galerkin equations is tight provided that assumptions (G) and ()G*P are 
satisfied. Assumptions (lG*p . (|G**P will be important in passing to the limit 
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as n — 7- OO in the Galerkin approximation. Assumption (jG**P is essential if 
the domain is unbomided. 



Definition 4.1. We say that there exists a martingale solution of the 
equation (14. ID iff there exist 

• a stochastic basis (r2, J^, F, P) with filtration F = {J't}t>o^ 

• a cylindrical Wiener process W on the space Y, 

• and a progressively measurable process u : [0, T] x — >• i7 with P - 
a.e. paths 

u{;u:) e C{[0,T],H^) n L\0,T;V) 
such that for all t € [0, T] and all t; € V: 

{u{t),v)jj+ [ {Au{s),v) ds+ [ {B{u{s),u{s)),v) ds 
Jo Jo 

= {uo,v)^ + j^ {f{s),v)ds + ^j^ G{u{s))dW{s),v) (4.2) 
the identity holds P - a.s. 



5. Existence of solutions 



Theorem 5.1. Let assumptions (A.1)-(A.3) he satisfied. Then there exists 
a martingale solution (f2, J^, F, P, n) of problem such that 

t-T 

|2 



E 



sup \u{t)\H + 
■tG[0,T] 



\U 



• dt 







< oo. 



(5.1) 



5.1. Faedo- Galerkin approximation. Let {cj}^^ be the orthonormal 
basis in H composed of eigenvectors of L. Let Hn := span{ei,...,e„} be 
the subspace with the norm inherited from H and let Pn ■ U' ^ Hn be 
defined by (|2.25p . Consider the following mapping 

Bniu) := PnB{Xn{u),u), U G Hn, 

where Xn ■ H ^ H is defined by Xn{u) = 9n{\u\jji)u with ^„ : M — ^ [0, 1] of 
class C°° such that 

^ ' [0 if r > n+l. 

Since Hn C H, Bn is well defined. Moreover, Bn ■ Hn — ?• Hn is globally 
Lipschitz continuous. 
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Let US consider the classical Faedo-Galerkin approximation in the space H, 



dUn{t) = - [PnAUnit) + 5„(n„(t)) - dt + P„G(n„(t)) dW{t), t G [0,r], 



The proof of the next result is standard and thus omitted. 

Lemma 5.2. For each n G N, there exists a solution of the Galerkin equa- 
tion i5.2\) . Moreover, Un G C{[0,T]; Hn), P-a.s. and 1E[Jq \un{s)\'jj ds] < oo 
for any q G [2, oo). 



Using the Ito formula and the Burkholder-Davis-Gundy inequality, see |17j . 
we will prove the following lemma about a priori estimates of the solutions 
Un of (j5.2p . Let us put the following condition on p 



Lemma 5.3. The processes (un)„gisj satisfy the following estimates. 

(i) For every p satisfying 115. 3\} there exist positive constants Ci (p) and 
C2{p) such that 




(5.2) 




(5.3) 



SUpE( sup |Un(s)|^) < Ci{p). 



(5.4) 



n>l 0<s<T 



and 




(5.5) 



(ii) In particular, with C2 '■= C2(2) 




(5.6) 



Proof. See Appendix A. 



□ 



24 



ZDZISLAW BRZEZNIAK AND ELZBIETA MOTYL 



5.2. Tightness. For each n G N, the solution u„ of the Galerkin equation 
defines a measure on {Z,T). Using Corollary 13.91 inequality (j5.6p 

and inequality ()5.4p with p = 2 we will prove the tightness of this set of 
measures. 



Lemma 5.4. The set of measures {£(n„),n G N} is tight on {Z,T). 



Proof. We apply Corollary 13. 9i According to estimates (j5.4p and (j5.6p , con- 
ditions (a), (b) are satisfied. Thus, it is sufficient to prove that the sequence 
{un)n^f^ satisfies the Aldous condition [A]. Let {Tn)^^^^ be a sequence of 
stopping times such that < t„ < T. By (j5.2p . we have 

Un(t) =PnUo- / Pn^Wn(s)ds- / / Pnf{s)ds 

Jo JO JO 

rt 

PnG{Unis))dW{s) 



I 

JO 



=: jr + J^t) + JSit) + J2{t) + J^{t), t G [o,r]. 
Let ^ > 0. First, we make some estimates for each term of the above equality. 

Ad. Since A : V ^ V and < ||n|| and the embedding 

V ^ U' is continuous, then by the Holder inequality and ()5.6p . we have the 
following estimates 



¥.[\j:^{Tn + e)-J^{Tn 



< cE 



< c(92 E 



\AUn{s)\ ds 



\Un{s)\\^ ds 



E 



< cE 



PnAUn{s) ds 

e 

\\Un{s)\\ ds 



U' 



< cC2-0^ =: C2 ■ 



(5.7) 



Ad. J^. Let 7 > f + 1 Similarly, since B : H x H ^ is bilinear and 
continuous, and the embedding ■—)•[/' is continuous, then by ()5.4p we 
have the following estimates 

rTn+9 



< cE 



\B{unis)) \y, ds 



E 



< cE 



Bn{un{s)) ds 



\B\\ • |n„,(s)|^(is 



< c\\B\\ • E[ sup |n„,(s)|^] • e < c||B|| Ci(2) -9=: 03-6, (5.8) 

se[o,r] 



where ||i?|| stands for the norm oi B : H x H ^ V'. 
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Ad. J4 . By the continuity of the embedding U ^ V we have 



mJ4irn + 0)-J2{Tn)\^,] =E 



< cE 



f{s)ds 

n 

L2(0,T;y') =• 



<c62 E 



Pnfis) ds 



|/(s)|v" 



U' 



C4 



(5.9) 



Ad. J|^. Since V ^ U' , then by (G*) and (|5.4|) . we obtain the following 
inequalities 



E[\j^{Tn + e)-J^{Tn)\U 



= E 

< cE 



2 


= E 


[/ 









Tn+e 



Tn+e 



l|G'K(s))||^^(yy,)ds 

|2 



< cC-E 



|-R„G(M„(s))||7-^(y^^,) 

{I + \Unis)\'ji) ds 



<cC(l + E[sup \un{s)\jj])e <cC{l + Ci{2))e =:c5-e. (5.10) 

se[o,r] 



Let us fix r/ > and e > 0. By the Chebyshev inequality and estimates 
(jSTjl - ijO]) . we obtain for all n G N 

HilJ^Tn + 0)- Jr(r„)|^, > 7?}) < l^K[\j^iTn + 6)- Jr(T„)|^,] < 

where z = 1, 2, 3, 4. Let 6i := — - e. Then 

sup sup F{\J^{Tn + 9)- Jr{Tn)\rj,>r]} <e, i = 1,2,3,4- 

nGN 1<6»<<5, 

By the Chebyshev inequality and (I5.10p . we have for all n G N 

C5-0 



r{{\j-iTn + e) - J^{Tn)\^, > V}) < ^^\Ji{Tn + e) - JUTn)\tj,] < 

Let (55 ■.= ^-e. Then 



C5 



sup sup F{\j^{Tn + 9)- J^{Tn)L, > ??} < S. 
nGN 1<6I<<55 

Since condition [A] holds for each term J^, i = 1,2,3,4,5, we infer that it 
holds also for (un)- This completes the proof of lemma. □ 
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5.3. Proof of Theorem 15. iL The following proof differs from the approach 
of Mikulevicius and Rozovskii [31] and it is based on the method used by 
Da Prato and Zabczyk in [16], Section 8, and on the Jakubowski's version 
of the Skorokhod Theorem for nonmetric spaces. 

By Lemma 15.41 the set of measures {C{un),n € N} is tight on the space 
{Z,T) defined by (I3.14p . Hence by Corollary 13.121 there exist a subsequence 
(rifc)^, a probability space ($1, J^, P) and, on this space, Z - valued random 
variables u, ■, k>l such that 

u„j. has the same law as u„j. on Z and Urn, u in Z, ¥ - a.s. (5.11) 

Let us denote the subsequence {un^)^ again by (Mn)„- 

Since n„, G C([0, T]; P„,if), P-a.s. and £t„ and u„ have the same laws, and 
C([0, T]-PnH) is a Borel subset of C([0, T]; U') n L2(0, T; Hioc), we have 

£(n„)(C([0,r];P„ii')) = 1, n > 1. 

Since Un and Un have the same laws, and C([0, T]; PnH) is a Borel subset of 
C([0, T]; U') n L2(0, T; Hioc) thus by ([53]) and dSS]) we have 

supE( sup |?2„(s)P„) <Ci(p), (5.12) 

nSN 0<s<T 



supE 

nSN 







T 

||«„(s)||^ds <C2 (5.13) 



for all p satisfying condition (15. 3p . 

By inequality (j5.13p we infer that the sequence (un) contain subsequence, 
still denoted by (n„) convergent weakly in the space i^([0, T] x Cl; V). Since 
by (|5.1ip P-a.s. Un ^ u in Z, we conclude that u G L^([0,T] x Q; V), i.e. 



E 



/ ||n(s)f dsl < oo. (5.14) 
Jo ^ 

Similarly, by inequality (j5.12p with p = 2 we can choose a subsequence of 
{un) convergent weak star in the space L^{Cl; L°°(0, T; H)) and, using (15. lip , 
infer that 

E[ sup |ti(s)|ll < oo. (5.15) 
o<s<r 



For each n > 1, let us consider a process Mn with trajectories in C([0, T]; H) 
defined by 

Mn{t) =Un{t)-PnU{0)+ [ PnAUn{s) ds+ f Bn{un{s)) ds- ( Pnf{s)ds, 

Jo Jo Jo 

(5.16) 
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where t G [0,T]. M„ is a square integrable martingale with respect to 
the filtration F„ = {Fn,t)-, where F^^t = <^{un{s)-, s < t}, with quadratic 
variation 

{{Mn))^= f PnG{Un{s))G{Un{s)yPnds, tG[0,T]. (5.17) 

JO 

Indeed, since Un and Un have the same laws, for all s, t G [0, T], s < t all 
functions h bounded continuous on C([0, s]; C/'), and all ip,( ^ U, we have 

E[(M„(t) - M„(s),V') h{uni[o,s])] = (5.18) 

and 

E 



(M„(t),7/;)(iV4(t),C) - (M„(s),V)(M„(s),C) 

(G(u„(cT))*P„?/;,G(u„(cT))*P„C)^dcj)-/i(u„|[o,,])] =0(5.19) 

Here, (•, •) stands for the dual pairing between U' and U. Let us recall that 
y is a Hilbert space defined in assumption A.l. We will take the limits in 
(j5.18p and (I5.19p . Let M be an [/'-valued process defined by 

M{t) =u{t) -u{0)+ [ Au{s)ds+ [ B{u{s))ds- [ f{s)ds, t e [0,T]. 
Jo Jo Jo 

(5.20) 



Lemma 5.5. For all s,t £ [0, T] such that s <t and all ip G U: 



(a) lim„^oo {un{t),Pnip) H = {u{t),'4>) F - a.s.. 



(b) lim„^oo {■Aun{(T),Pn'<p) da = {Au{a),ip) da, F - a.s., 

rt ,T-,/~ / \\ T-, i\ 7 rt 

" ' ' ' ' " ^ - a.s. 



(c) lim^^oo {B [un{a)) , Pnip) da = {B [u{a)) , i/j) da, 



Proof. Let us &x s,t £ [0,T], s < t and ip £ U. By (15.111) we know that 

Unburn C{[0,T];U')nLl{0,T;V)nL\0,T;Hioc)nC{[0,T];H^), P - a.s. 

(5.21) 

Thus Un ^ u in C{[0,T], Hw) - P a.s. and since by (|2.26p Pnijj tp in H, 
we infer that assertion (a) holds. 

Let us move to (b). Since by (I5.2ip — )• i2 in i^(0, T;V) - F - a.s. and by 
assertion (iii) in Lemma 12.41 (c) -PnV' ip in V, by ()2.15p we infer that P - 
a.s. 

{Aun{a),Pnip) = {{un{cr),Pnil^)) da 

(lyu{a),'ilj)) da = J {Au{a),^) da, 
i.e. (b) holds. 
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We will prove now assertion (c). Since as above Un{-,u)) — )• u{-,lj) in 
L^(0, T; V), in particular, u{-,lo) G L^(0, T; V) and the sequence {un{-, ^))n>i 
is bounded in ^^(O, T; F) for P-almost all uj e Q. Thus w) G ^^(0, T; iJ) 
and the sequence (?!„,(•, a;))^^^ is bounded in L'^{0,T; H), as well. Let us fix 
u £ such that 

(i) Uni;io) ^u{-,uj) mL\0,T,Hioc)riCi[0,T];U'), 

(ii) u{-,u}) G L^{0,T;H) and the sequence (tinl', is bounded in 
L\Q,T-H). 

By (i) the sequence (u„,(-, is bounded in C([0, T]; [/'), i.e. for some 
iV > 

sup||n„,(-,a;)||c([o.T];C/') < ^- 

n>l 

Thus = n„(-,(x>) for all n > and 

B{xn{un{-,^)),Un{-,uj)) = S (n„,(- , w) , u„ (•, w)) for n > A^. 

Hence assertion (c) follows from Corollary B.2. This completes the proof of 
the lemma. □ 



Lemma 5.6. For all s,t £ [0, T] such that s <t and all ip G U: 

Jim E[(M„(t) -M„(s),V') /i(nn|[o,.])] =E[(M(t) -M(s),7/') /i^m)]- 

Proof. Let us fix s, t G [0, T], s < t and V e By (fOTl) we have 

J s 

+ / {B[xn{un{(y)),Un{(T)),Pni^) da + j {f (a) , Pni^) da. 

J s J s 

By Lemma 15.51 we infer that 

lim (M„(t) - M„(s), V') = - M(s), -0) , P - a.s. (5.22) 

n— >oo 

Let us notice that P - a.s. lim„_^oo ^(^fnlp.s]) = ^(^'Ko.s]) and 
sup^gN ll^('"n|[o,s])llLoo < oo. Let us denote 

fn{uj) := ((Af„(t,w),-0) - (M„(s,a;), V')) ^(^tn|[o,s])> w G 

We will prove that the functions {/n}„gi^ are uniformly integrable. We claim 
that 

sup]E[|/„|2] <oo. (5.23) 

n>l 

Indeed, by the continuity of the embedding U ^ H and the Schwarz in- 
equality, for each n G N we have 

E[|/n|']<2c||/i||i^||V'fc;E[|M„(i)lH) + |M„(5)iy. (5.24) 
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Since M„ is a continuous martingale with quadratic variation defined in 
(j5.17p . by the Burkholder-Davis-Gundy inequaUty we obtain 



E[ sup \Mn{t)\ ] < cE 

te[o,T] 



T 



\PnG{Un{(T))\\r^^Y,H) 



(5.25) 



Since the restriction of P„ to H is an orthogonal projection onto by 
inequality (G) in assumption (A. 3), we have for all a G [0,r] 



< (2 



\Un{(T)f + Xo\Un{<T)\l + P- (5.26) 



By ([525]), ([OB]) . (fm]l and (I02D . we infer that 
supE[ sup \Mn{t)\ ] < oo. 

nGN t£[0,T] 



(5.27) 



Then by ()5.24p and (j5.27p we see that (j5.23p holds. Since the sequence 
{/n}„gN is uniformly integrable and by (I5.22|) it is P-a.s. pointwise conver- 
gent, application of the Vitali Theorem completes the proof of the Lemma. 

□ 



Lemma 5.7. For all s, i G [0, T] such that s < t and all ip,C ^ U: 



hm E 

n— >oo 



{ (M„ (t) , ^) (M„ (t) , C) - (Mn (s) , V) (M„ (s) , C) } /i (Un I [0„ 



E 



{{M{t),^|;) {M{t),0 - (M(s), ^) (M(s), C) } /i(n|[o,.]) 



Proof. Let us fix s, t G [0,7"] such that s < t and ip,C, and let us denote 

/„(w) := {{Mn{t,i^),ij){Mn{t,Uj)X) -{Mn{s,u),i^){Mn{s,Uj)X)] 
•^('"n|[0,s](w)), 

/(u;) := {{M{t,u:),^){M{t,u:),C) -{M{s,u:),^){M{s,uj)X)] 

By Lemma |5.5| we infer that lim^^oo fni^) = f{^) for P-almost all uj £ ^l. 

We will prove that the functions {fn}nen uniformly integrable. To this 
end, it is sufficient to show that for some r > 1, 



sup E [!/„!''] < oo. 



n>l 



(5.28) 



In fact, we will show that condition (j5.28p holds for any r G (l, 1 + 2(2-r]) ) 
if < r/ < 2 and any r > 1 if ?] = 2. Indeed, for each n G N we have 

E[|/„r1 <C||/i||£oo||Virc,||r?HE.E[|M,(t)|'%|M„(s)|'n. (5.29) 
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Since M„ is a continuous martingale with quadratic variation defined in 
(j5.17p . by the Burkholder-Davis-Gundy inequaUty we obtain 



E[ sup |M„(t)|^''] < cE 
te[o,T] 



|P„G(u„(o-))||7-^(y^j;,) da 



(5.30) 



By the continuity of the injection U ^ V, lemma 2.4 and assumption (G*) 
we have for all a € [0, T] 

\\PnG{Uni(7))\\'^^f^Y,U') ^ c\Pn\^uy)\\G{Unia))\\'^^(^Y,V') ^ C'(l^n(o-)|^ + 1). 

Since 2r satisfies condition (j5.3p . by ()5.12p we obtain the following inequal- 
ities 



E 







\PnG{Un{s))\\j-^(j^U,^ ds 



< CE 







{\Un{s)\H + 1) 



< cfE[ sup |n„(s)|^"] + l) < c(Ci(2r) + l). 

^ sG[0,T] ^ 



(5.31) 



By dOO]) . (lOT]) and (lOOl) we infer that condition (f5:28]l holds. By the 
Vitali Theorem 

hm E[/„] =E[/]. 

The proof of the Lemma is thus complete. □ 



Lemma 5.8. (Convergence in quadratic variation). For any s,t £ 

[0, T] and ^, C E C/, we have 



hm E 

n— >oo 



{G{Un{cr))*Pn1p, G{Un{a))*PnC)Ydo- ) ■h{un\[0,s]) 



E 



(G(n((T))V,G(7i(a))*C)yd^U(n|[o,.]) 



Let us recall that Y is the Hilbert space defined in assumption A.l in Section 



Proof. Let us fix ^, G [/ and let us denote 



/n(w) := 



G{Un{cr,Uj))*Pnll),G{Un{a,u))*PnCj^dayh{un\[o,s]), ^ ^ ^■ 



We will prove that the functions are uniformly integrable and convergent 
P-a.s. 

Uniform integrability. It is sufficient to show that for some r > 1 

supE[|/„r] <oo. (5.32) 

n>l 

We will prove that the above condition holds for every r E (l, 1 + 2{'2-r)) ) 
< r/ < 2 and with every r > 1 if ry = 2. 



EXISTENCE OF A MARTINGALE SOLUTION 31 

Since 7i(Y',F') ^ C{Y,V') and U ^ V continuously, then by (G*) and 
Lemma 12.41 we have the following inequalities 

\\G{Un{a,u)rPnC\\Y < \\G{Un{^, io))\\ ^^yy,y \\PnC\\v 

< c^{\nn{c7,u;)\l + l) WCWu 
for some c > 0. Thus we have the following inequalities 

l/nT = (^j^ (^G(n,„(CT,w))*P„-(/',G({t„(CT,cj))*P„c)^(ifTy/i(i2„|[o,s]) 
<II^IIl°°( / ||G(ii„(CT,tj))*P„^|| • ||G(u„(o-,a;))*P„C||y c^o- 



s 



<c^ni/^irL^-iiV'ii[.-iiciii.- / {\M^,oj)\i + i)da) . 



Using the Holder inequality, we obtain for some C > 

(^J^{\un{a,Lo)\l + l)da^ < {t-sy-^ ■ j\\un{cJ,uj)\]j + lY da 



Thus 



< C- sup (|u„(cT,w)|g + l). 

a£[Q,T] 



\U <C- sup (|n„,(f7,t^)|2f + 1) 
<76[o,r] 



for some C > 0. Hence by ()5.12p 

supE[|/„r] <C'-E[ sup \un{(T,uj)\^^ + 1] <C{Ci{2r) + l) < oo. 

nGN cre[0,T] 

Thus condition ()5.32p holds. 

Pointwise convergence on Cl. Let us fix a; G such that 

(i) Un{-,uj) -^u{-,uj) in L'^{0,T,Hioc), 

(ii) u{-,uj) S L^{0,T; H) and the sequence {un{-,(^))n>i is bounded in 
L\Q,T;H). 

We will prove that 

lim / [G{un{(y,io))*Pn'ilj,G{un{a,io))*PnC,] da 

n— >-oo J g \ J Y 

G{u{a,uj))*'ip,G{u{a,u}))*C^ ^ da. 

Let us notice that it is sufficient to prove that 

G{uni;io))*Pn^^G{u{;io))*^ hi L\s,t;Y). (5.33) 
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We have 
ft 



\G{un{(T,u)))*Pnip - G{u{a, uj))* ip\\y da 
< I (^||G(tt„(CT,a;))*(P„V' - V')||y + ||G(tt„(a,w))*V' - ^(^(a,^^))^!!^ 
<2 / |G(u„fcj,a;))*rw,„... • ||P„,^-iMI?.dc7 



+2 / ||G(u„(cj, a;))*V' — G(m((T, a;))*V'||y c^c 



=:2{h{n) + h{n)}. (5 

Let us consider the term I\{n). Since i/^ G C/, by assertion (iii) in Lemma 
2.41 (c) , we have 

hm ||P„V-'0llv^ = 0. 

n— ^-oo 

By (G*), the continuity of the embedding 72 V') ^ C{Y, V') and (ii), we 
infer that 



G{un{a,io))*\^,y, y.da <C I {\un{(T,u:)\H + I) da 

' J s 

< C{sup ||?in(-,w)|||2(o,T;H) + l) < ^ 



n>l 

for some constant K > 0. Thus 

hm = hm / \G{un{a,uj))*\'i, . ■ \\Pnip - ip\\v da = 0. 

Let us move to the term I2 (n) in (|5.34p . We wih prove that for every il) 
the term l2{n) tends to zero as n — )• 00. Assume first that ip & V. Then 
there exists i? > such that suppt/' is a compact subset of Or. Since 
Un{-,oj) — u{-.,uj) in L'^{0,T; Hioc), then in particular 

hm qT,R(un{-,u)) - u{-,uj)) = 0, 

where qT,R is the seminorm defined by ()3.6p . In the other words, u„(-, (^) — t- 
{t(-,ti;) in L^(0, T; Hq^)- Therefore there exists a subsequence (ttrij,(-, w))^ 
such that 

n„j.((T, — > ?i((T, w) in ^^Ojj for almost all a € [0, T] as A; — 00. 
Hence by assumption ()G**P 

G(Mr),j,(o', t<j))*'0 — )■ G(m((7, a;))*'0 in y for almost all a G [0,T] as /c — )• 00. 
In conclusion, by the Vitali Theorem 

lim / \\G{unA(T,oj))*i) - Giu{a,uj))*'4)\\Yda = Q ioiipeV. 
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Repeating the above reasoning for all subsequences, we infer that from ev- 
ery subsequence of the sequence (G(itn(o", cj)) ip)^ we can choose the subse- 
quence convergent in L^(s, t; Y) to the same limit. Thus the whole sequence 
[G [un{o; u}))* ip) ^ is convergent to G(u(cj, cj))*V in L,'^{s,t;Y). At the same 
time 

lim l2{n) = for every ip £ V. 

n—>-oo 



li ip G V then for every e > we can find ^/'g G V such that Wip — ipeWy < ^• 
By the continuity of the embedding T2{Y,V') C{Y,V'), condition (G*) 
and (ii), we obtain 



t 

2 



G{un{(7,(^))*i' - G{u{a,uj))*'ilj\\y da 
<2 []\[G{un{a,u)r -G{u{a,uj)y]{i,-i;,)\\lda 



ft 2 
+2 / \\[G{un{cr,uj))* - G{u{a,uj))*]'ipe\\vdo- 



<4 / [\\G{M<^,uj))\\l^yy,^ + \\G{n{a,u;))\\ 

C{Y,V')] IIV' - 'PeWvda 

J s 

+2 / \\[G{uni(T,u}))* - G{u{a,u))*]ipe\\Yda 

J s 

< c(||'Un(-,a;)||^2(o,r;H) + ll^(-'^)lli2{o,T;H) + 27") • £^ 

+2 / \\[G{un{a,u}))* - G{u{a,u}))*]^pe\\Ydo■ 
J s 

/t 
\\[G{uni(7,io))* -Giuia,u))*]7Pe\\lda, 

for some positive constants c and G. Passing to the upper limit as n — )• oo, 
we infer that 

\\G{un{cr,u}))*'ip — G{u{a, oj))* ip\\y da < Ce^ . 

_ 

In conclusion, we proved that 

lim / \\G{un{a,u))*'p — G{u{a,u))*'p\\^ da = Q 

which completes the proof of (j5.33p and of Lemma 15.81 □ 

By Lemma [5. 6 1 we can pass to the limit in ()5.18p . By Lemmas 15. 71 and 15. 81 we 
can pass to the limit in (j5.19p as well. After passing to the limits in ()5.18p 
and ()5.19p we infer that for all "0) C ^ f^- 

E[(M(t) - M(s), 0) /i(tii[o,.])] = (5.35) 
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and 



E[((M(t),V)(M(t),C) - (M(s),V)(M(s),C) 

- f\G{u{a)ri;,G{u{a)rc)yda)-h{n\[o,s])] =0. (5.36) 



J s 



where M is an [/'-valued process defined by (j5.20p . 

Continuation of the proof of Theorem 15.11 Now, we apply the idea 
analogous to the reasoning used by Da Prato and Zabczyk, see [K], Section 
8.3. Consider operator L : U D D{L) — ?• H defined by (j2.19p . the inverse 
L-^ : H ^ U and its dual (L^^)' : U' H' . By (lOSD and dOG]) with 
■0 := L~^ip and C := L~^r], where if,7] £ H and equality (|2.23p . we infer 
that 

{L~^y M{t), t S [0,T] is a continuous square integrable martingale in 
H' = H with respect to the filtration F = {^J't) , 
where J-t = a{u{s), s < t} with the quadratic variation 



Jo 

In particular, the continuity of the process (L~^)'M follows from the fact 
that u G C{[0,T];U'). By the martingale representation Theorem, see [16j . 

there exist 




• a stochastic basis (Jl, J^, {J^(}j>q, P) , 

• a cylindrical Wiener process W{t) defined on this basis, 

• and a progressively measurable proces u{t) such that 




However 




Hence for all t £ [0, T] and all v £ U 
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Thus the conditions from Definition 14.11 hold with {^Cl,J^,{J^t}t>oj^) ~ 

J^, {J^f}j>Q, P) , W = W and u = u. The proof of Theorem 15.11 is thus 
complete. □ 

6. An Example 

Let 

oo 

G{u){t, x)dW{t) := ^ [(6(*)(x) • V)u{t, x) + S{x)u{t, x)] d(3^'^ (t), (6.1) 
where 

€ N - independent standard Brownian motions, 
of class C~, iGN 
cW of class C~, ieN 

are given. Assume that 

CXD 

Ci := ^{\\b^'^\l^ + ||div6»||ioo + ||c«||ioo) < 00 (6.2) 

i=l 

and 

d 00 

i2d,k -Y.^f{x)hf{x))C,Ck > aid', C G (6.3) 

j,k=l i=l 

for some a G (0,2]. Assumption ()6.3p is equivalent to the following one 

00 d d 

E E bf{x)bi\x))C,C, < 2 5; <5,-,,0a - a|Cp = (2 - a)|Cr (6.4) 

4=1 j,k=l j,k=l 



Let y := ^^(N), where P{N) denotes the space of all sequences (/ii)jgf^ C M 
such that <oo. It is a Hilbert space with the scalar product given 

by [h,k^p := Yli^i ^i^i^ where h = {hi) and k = (ki) belong to /^(N). Let 
us put 

00 

G{u)h = "Y[{b^'^ ■V)u + Su]hi, u€V, h = {hi) (6.5) 
1=1 

We will show that the mapping G fulfils assumption (A. 3). Since G is 
linear, it is Lipschitz continuous provided that it is bounded. Thus we will 
show that 

• The following inequality holds 

2{Au,u) -\\Giu)fj-^^y^j,)>r]\\uf -Xo\u\l, uGV (G) 
for some constants Aq and i] £ (0,2]. 
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• Moreover, G extends to a linear mapping G . H ^ T2(Y, V') and 

\\G{u)\\^^^yy,^<G\u\j„ UGH. (G*) 
for some C > 0. 

• Furthermore, for each R > the mapping G : Hq^^ — )• T2(Y, V'^Or)) 
is well-defined and satisfies the following estimate 

\\G{u)\\r,iY,v'iOr,)) ^ Cr\u\h^^, ugh. {G\) 
for some Gr > 0. 

Here V'{Or) is the dual space to V{Or), where 

V{Or) := the closure of V{Or) in H^{Or,R'^), (6.6) 

and V{Or) denotes the space of all divergence-free vector fields of 
class with compact supports contained in Or. 

Let us recall that Hq^ is the space of restrictions to the subset Or 
of elements of the space H, i.e. 

Hor ■■= {uion, u£ H} 

with the scalar product defined by {u,v)^^ := f^^uvdx, u,v £ 

Hor- 

Remark. From condition (G*j^) it follows that the mapping G satisfies 
condition ( fC**)) in assumption (A. 3). 

Indeed, by estimate (G|j) and the continuity of the embedding 72 V'{Or)) >■ 
C{Y,V'{Or)), we obtain 

\G{u)y\y>(^OR)<C{R)\u\H^Jy\\Y, u e H, yeY 

for some constant G{R) > 0. Thus for any ip £ V{Or) 

\{G{u)y)^P\<G{R)\u\J,^Jy\\y\my^^^), uGH, y € Y. 

Since by definition {■ip**G{u))y := {G{u)y)ip, thus from the above inequality 
we infer that 

\r*G{u)\Y'<C{R)my\u\H„^. (6.7) 

Therefore if we fix ^ S V then there exists Rq > such that supp^ is a 
compact subset of Or^. Since G is linear, estimate (|6.7p with R := Rq yields 
that the mapping 

Ll^{0,R'^) D H3u^ ^**G(u) G Y' 

is continuous in the Frechet topology inherited on the space H from the 
space Lf^^{0,'U.'^). Thus the mapping satisfies condition (fCT) . □ 
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Proof of (G). Let us consider a standard orthonormal basis h^'^\ i E N, in 
/2(N). Let u G y. Then for each i £ N we have 



j=l ■' k=l 



H 



j=i ^ k=i " j=i ^ 



Thus 

oo 



\h 



i=l 



t — 1 J ]_ /iJ — 1 t — 1 J — 1 

oo 

+ E|c«n|^. (6.8) 

i=l 

We estimate each term on the right-hand side of the above equality. By 
assumption (j6.4|) 

oo d d ^ f. oo d 

E(E'f|:^.E^i''li).^/„EEf(^K:'..|:^li- 

< (2-a)|Vn|^. 

Let us move to the second term in (16.81). For each i S N, we have 



1 



Thus for any e > 

oo d 



2E(Ef 1^'^^^^-), ^ Edi^^^^iii- + • 

■I ^_ 

cl 

4e 

where Ci is defined by ()6.2p . The third term in ()6.8p we estimate as fohows 

oo oo 



1=1 j=l 1=1 



Ci||n|| • \u\h < ^ll^ll^ + ^I^Ih) 



i=l i=l 

Hence 



< (2 + , - a)||^f + + Cl) \u\l 
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and 

'Cl 



2{Au\u) - ||G(n)||^^(^^^) > 2||n||2 - (2 + e - a)||nf - 



4, +Ci]\n\l 



= {a-e)\\uf-{^+C2yu\l. 

It is sufficient to take e > such that a — e G (0,2]. Then condition (G) 
holds with 7] := a — £ and Aq := ^j- + Ci. □ 

Proof of (G*). Let b = {bi,...,bd) ■.O^R'^ and let u,v£V. Then 

d „ d 



i=i ^ j=i ^ ^ i=i 

Thus using the integration by parts formula, we obtain 

dr. d 



du 
dxj' 



(6.9) 



[ (bju)S—dx— [ (div b)uvdx. 
f^Jo dx, Jo 



Hence using the Holder inequality, we obtain 

d 



Jo ~, ci^i 



Therefore the bilinear form 

b{u 



,v) := / / .bjU- — dx, u,v€V 
Jo ~[ oxj 



is continuous onVxVcHxV. Thus b can be uniquely extended to the 
bilinear form (denoted by the same letter) b : H x V and 

\b{u,v)\ < {\\b\\Loo + \\divb\\Loo)\u\j^\\v\\y, uGH, v £ V. (6.10) 

Hence if we define a linear map B by Bu := b{u, •), then Bu G V' for all 
u £ H and the following inequality holds 

\Bu\yi < (||6||l°° + l|div6||Loo)|ti|^, u e H 

Using more classical notation, we can rewrite the above inequality in the 
following form 

1(6- V)u|y, < (||6||ioo + ||div6||Lco) . ueH. (6.11) 
Moreover, 

\c^"^u\y, < \\c'^'^\\lo.\u\jj, u£H. (6.12) 
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Since by (I6.5p G{u)h^^^ = (6*-*^ • V)u + S-^'^u, then by the Schwarz inequahty 
we get 

|G(n)/i»|^, = \{h^^-V)u + Su\l, < 2(|(6»-V)'u|^, + |c»n|^,), u e H. 
Thus by estimates ()6.1ip and ()6.12p we obtain 

oo oo 

1=1 1=1 

oo 

< 2^(2||6»||i^ +2||div6(*)||ioo + ||c»||^oo)|n|^, ueH. 

i=l 

Hence G{u) G T2{Y,V') and 

\\G{u)\\r^^Yy') < C -lu]^, ueH, 

where C = 2Ci. Thus condition (G*) holds. □ 

Proof of (G|j). Let us fix i? > 0. We will proceed similarly as in the proof 
of (G*). Let V G V{Ofi). Since the values of v on the boundary dOji are 
equal to zero, thus using (|6.9p and the integration by parts formula, we infer 
that 

do d 

I n I 

(div b)uv dx 

d 

(div b)uv dx. 



I Cy^^i^ — )vdx = \^ I - — {hju)vdx- / 

^2 [ ^hu)^dx 
~[ J Ob, OXj 



Using the Holder inequality, we obtain 

d 

^ , au ^ , I , ,,, 



■^^R j = l ^ 1 

+ \\(ii^b\\L--\u\^^Jv\\y^^Q^y (6.13) 
Therefore if we define a linear functional Bn by 

Brv:= [ {i2bj§^)vdx, v€V{On), 

Jor oxj 

we infer that it is bounded in the norm of the space V{Oji). Thus it can be 
uniquely extended to a linear bounded functional (denoted also by Br) on 
V{Ofi). Moreover, by estimate (j6.13p we have the following inequality 

\Br\v'(Or) < (II^IIl- + l|div6||L-)|^i|//^^ 

or equivalently 

||(6-V)^/||y,(o^)<(||5||L^ + ||div6||Loo).|n|^^ . (6.14) 
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Furthermore, 



\c^'^Av'{Oa) ^ IIc^'^IIl-I^Iho^- (6-15) 



bmce thus by the Schwarz inequahty 

we get 

Hence by estimates (j6.14p and (|6.15p we obtain 

oo 

<2f;(|(6».V).p^,(e,,) + |cWn|^,(^^)) 
i=i ^ ^ 

oo 

< 2^(2||6»||i. +2||div6«||i. + ||c«||'o.)|n|^^^. 

i=l 

Therefore G{u) G T2{Y,V'{Or)) and 

\\G{u)\\r2{Y,v'{OR)) < Cr ■ \u\hoj,^ 
where Cr = 2Ci. Thus condition (G|j) holds. □ 
7. 2D stochastic Navier-Stokes equations 



In the two-dimensional case the martingale solution of the stochastic Navier- 
Stokes equation, given by Theorem 15. H has stronger regularity properties. 
We will prove that P-a.s. the trajectories are equal almost everywhere to a 
i?- valued continuous functions defined on [0,T]. Similarly to Capihski |13j 
we will prove that the solutions are pathwise unique. Moreover, using the 
results due to Ondrejat |32] we will show existence of strong solutions and 
uniqueness in law. 

It is well-known that if d = 2 then the following inequality holds, see \35\ 
Lemma III. 3.3], 

||n||^4 < 23|u|^||ti||5, u^Hq. (7.1) 

In the following Lemma we recall basic properties of the form b, defined by 
()2.4p . valid in the two-dimensional case. 

Lemma 7.1. (Lemma III. 3.4 in [35]) // d=2 then 

]_ !_ ]_ iiiiii 

|o(u, f , w)! < 22 |n| 2 ||u|| 2 • ||7;|| • 2 2 , u,v,wEV. (7.2) 
If u € L^{0,T;V) n L^{0,T;H) then B{u) e L'^{0,T;V') and 

ll-^(^)llL2(o,T;y') ^ 22 \u\l^(^o,T;H)\\u\\l2{0,T;V)- C^'^) 
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7.1. Regularity properties. 

Lemma 7.2. Let d = 2 and assume that conditions (A.1)-(A.3) are satis- 
fied. Let (17, F, P, u) be a martingale solution of problem such that 



E 



sup |'u(t)|^ + 

■tG[0,T] 



\U 



dt 







< oo. 



(7.4) 



Then for ¥- almost all u & Q the trajectory u{-,lj) is equal almost everywhere 
to a continuous H -valued function defined on [0,T]. 



Proof. If n be a martingale solution of problem ()4.ip then, in particular, 
u G C{[0,T],H^) nL^{0,T-V), P-a.s. and 

u{t) = Uo- [ [Au{s)+B{u{s))] ds+ [ f{s)ds+ [ G{u{s)) dW{s), t e [0,T]. 
Jo Jo Jo 

(7.5) 

Let us consider the following "shifted" Stokes equations 



Az{s)ds+ / G{u{s))dW{s), 



(7.6) 



where A is the operator defined by ()2.12p . Since A satisfies condition ()2.13p 
and u satisfies inequality ()7.4p . by Theorem 1.3 in [33] we infer that equation 
(j7.6p has a unique progressively measurable solution z such that P-a.s. z E 
C{[0,T];H) and 



E 



sup \z(t)\jj+ [ 
t<=[0,T] Jo 



dt 



< oo. 



(7.7) 



Let 



v{t) ■.= u{t) - z{t), te[o,T]. 

For P-almost all uj £ Q the function v = v{-,uj) is a weak solution of the 
following deterministic equation 

dv{t) 



dt 



-Av{t) + v{t) + z{t) - B{v{t) + z{t)) + f{t). 



(7.8) 



Let w G O be such that u{-,u)) G L'^{{),T;V) n C([0, T]; fT^;) and z{-,ijj) G 
L2(0,r,y) nC([0,r];i/) Let v G L\Q,T-V)r\C{[^,T]-H) be the unique 
solution of equation (j7.8p with the initial condition v{Q) = uq whose exis- 
tence is ensured by Theorem D.l. By the uniqueness, we obtain for almost 
ah t G [0, T] 

v{t) = u{t) - z{t) 

Put 

uit) ■.= v{t) + z{t), tG[o,r]. 
Then u G C([0,r];i?) and u{t) = u{t) for almost all t G [0,r]. This com- 
pletes the proof of the lemma. □ 
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7.2. Uniqueness and strong solutions. Let us recall that by assumption 
(A. 3) the mapping G : V ^ T2{Y,H) is Lipschitz continuous, i.e. for some 
L > the following inequality holds 

\\Giuiis))-G{u2is))fr,(Y,H)<L\\Ms)-U2{s)\\, SG[0,T]. (7.9) 

In the following Lemma we will prove that in the case when d = 2 the 
solutions of problem ()4.ip are pathwise unique. The proof is similar to that 
of Theorem 3.2 in [13] and uses the Schmalfuss idea of application of the Ito 
formula for appropriate function, see |34j . 



Lemma 7.3. Let d = 2 and assume that conditions (A.1)-(A.3) are sat- 
isfied. Moreover, assume that L < 2. If ui and U2 are two solutions of 
problem defined on the same filtered probability space {Cl, J^,¥,¥) then 

P-a.s. for allte [0,T], ui{t) = U2{t). 

Proof. Let 

U := ui — U2. 
Then U satisfies the following equation 

dU{t) = -{AU{t)+[B{ui{t))-B{u2{t))\]dt+[G{ui{t))-G{u2{t))\ dW{t), 
where t G [0, T]. Let us define the stopping time 

TTv := T Ainf{t G [0,r] : |[/(t)||^ > iV}, G N. (7.10) 

Since E[supig[o^7i] |C/(t)|^] < oo, P-a.s. \in\N^aoTN = T- Let r{t) := 

a Jq \\u2{s)\\'^ ds, t G [0,r], where a is a positive constant. We apply the 
Ito formula to the function 

F{t, x) = e-^W \x\%, {t, x) G [0, T] x H. 

Since ^ = -r'(t)e-'^W|x||^ and |f = 26-^^2;, we obtain for all t G [0,r] 

e-'-(tAr^)|[/(tAr^)|2, 

e-ri^){-r'{s)\U{s)\l - 2{AU{s) + B{ui{s)) - B{u2{s)), U{s)) } ds 





+2/ ^ 



{G{ui{s)) - G{u2{s)))^{G{u,{s)) - G{u2{s))y 



ds 



f tArjv 

+2 / e-'^'HGiuiis)) - G{u2{s)),U{s) dWis)) 







< / e-^is){_r'^s)\U{s)\l - 2\\U{s)f - 2{B{u,{s)) - B{u2{s)), U{s))}ds 







+ / e-^^^^\G{m{s))-G{n2{s))\\l^y^^^ds 







f tArjv 

+2/ e-'^'HGiui{s))-G{u2{s)),U{s)dWis)). (7.11) 
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We have 

B{ui{s)) - B{u2{s)) = B{ui{s), U{s)) + B{U{.s), U2{s)), s G [0, T]. 
Thus by (HJD 

{B{ui{s))-B{u2{s)),U{s)) = {B{U{s),U2{s)),U{s)) 

and hence 

\{Biu^is))-B{u2is)),Uis))\ < V2\U{s)\h\\U{s)\\\\u2{s)\\, s G [0,r]. 
Therefore for every e > there exists Ce > such that 

2|(B(ni(.))-i?(^2(^)),C/(^)>| <^r(s)f+C,||^2(s)||V(^)ll/, se[0,T]. 

(7.12) 

Putting a := Cs, we obtain 

-r'{s)\U{.s)\l + Ce\\n2{s)f\U{s)\jj 

= -a\\u2is)f\Uis)\l + Ce\\u2is)\\''\Uis)\l = 0, sG [0,T] 
and hence by (TTTT]) and fTTl) 



e 







+ / e-^W||GK(.))-G(n2(.))||2-^(y,^)ds 







f tArjv 

+2 / e-''^'\Giuiis))-G{u2{s)),Uis)dWis)), t G [0, r](7.13) 







By (|7T3]1 and ([73]) we obtain 

g-r(tAr^)|[;(^ A r;v)lH + (2 - e - L) / e-''^''^ \\U {s)f ds 

Jo 

<2 / e-'^'^Giuiis)) - G{u2is)),Uis)dW{s)) , t€[0,Tl7.U) 
Jo 

Let choose e > such that 2 — e — L > 0. Then by (j7.14p . in particular, we 
have for ah t G [0, T] 



e 



<2 e-'-^'HG{ui{s))-G{u2{s)),U{s)dW{s)). (7.15) 







Let us denote 

ft 



^{t):= / e-^^'HG{ui{s))-G{u2{s)),U{s)dW{s)), t € [0,T] 
Jo 

and 

//Ar(t) := //(t Atat), iG[0,r], iVGN. 
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Since by 1^ and (171(1 

T2{Y,H) 

T 







E 

< NLE 



ds 



\ui{s) - U2{s)\\ ds 



< oo, 



for each N £ N the process {/^Ar(i)} is a martingale. In particular, by (j7.14p 
and the martingale property we obtain for all t G [0, T] 



E 



-"W||?7(s)f dsl <2E[fiN{t)]=0. 



(7.16) 



By the Schwarz, the Burkholder-Davis-Gundy inequalities and (j7.16p . we 
obtain 



E[ sup \fiN{t)\] 
tg[0,T] 



< CE 



< CLE 



TAtn 



-2r{s) 







\U{s)\jj\\Giu,is))-Giu2is))f^^^y^j,^ds 



sup e-"('^"^)|;7(s ATiv)|H 

s6[0,T] 



TAtn 



<-E[sup e-''^^^^^^\U{tATN)\'ji + CE 



te[o,T] 







]e[ sup e-''(*^"'^)|[/(t Ar7v)|?^. 



e "(^)||C/(s)f 

TArjv , ^ . 

e-^(^)||f/(s)fds 

(7.17) 



tG[0,T] 

By (|7?T5|) and (jTTTl) . we obtain 

]E[ sup e-"(*^"^)|C/(i At^)|?^ = 0. 

tG[0,T] 

Since P-a.s. limjv_>.oo tn = T and E[Jq^ ||n2(t)|| dt] < oo we infer that P-a.s. 
for all t G [0, T], U{t) = 0. The proof of the lemma is thus complete. □ 



Definition 7.4. We say that problem (j4.ip has a strong solution iff for 

every stochastic basis (JI,J-,E,F^ with a filtration F = {-7^t}^>Q and ev- 
ery cylindrical Wiener process W{t) in a separable Hilbert space Y de- 
fined on this stochastic basis there exists a progressively measurable process 
u : [0,T] X n ^ H with P - a.e. paths 



ui-,u;) e C{[0,T],H^) n L\0,T;V) 
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such that for all t G [0, T] and all v £ V: 

{u{t),v)^+ [ {Au{s),v)ds+ I {B{u{s),u{s)),v) ds 
Jo Jo 

= {uo,v)^ + l^ {f{s),v)ds + (^l^ G{u{s))dW{s),v) 
the identity holds P - a.s. 

Let us recall two basic concepts of uniqueness of the solution, i.e. pathwise 
uniqueness and uniqueness in law, see [22], [32] . 

Definition 7.5. We say that solutions of problem ()4.ip are pathwise 

unique iff the following condition holds 

if{n,J-,¥,¥,W,u^), i = 1,2, are such solutions of problem that 
n*(0)=no, i = l,2, then F-a.s. for all t e [0,T], u^{t) = u^{t) ¥-a.s. 

Definition 7.6. We say that solutions of problem (j4.ip are unique in law 
iff the following condition holds 

i/ (S7' , J"*,F\P', i = 1,2, are such solutions of problem ^.1^ 

that n*(0) = no, i = 1,2, then Lawpi{iL^) = Lawp2{u'^). 

Corollary 7.7. Let d=2 and assume that conditions (A.1)-(A.3) are sat- 
isfied. Moreover, assume that the Lipschitz constant L in 1^7.9^ satisfies 
condition L < 2. 

1) There exists a pathwise unique strong solution of problem 

2) Moreover, if (fi, J^, F, P, W, u) is a strong solution of problem 
then for ¥-almost all lo G il. the trajectory u{-,uj) is equal almost 
everywhere to a continuous H -valued function defined on [0,T]. 

3) The martingale solution of problem i4-l^ 'is unique in law. 

Proof. Since by Theorem 15.11 there exists a martingale solution and by 
Lemma 17.31 it is pathwise unique, assertions 1) and 3) follow from theorems 
2 and 12.1 in [32]. Assertion 2) is a direct cosequence of Lemma |7.2[ □ 

Appendix A 

Let us assume that the mapping G : V ^ T2(Y,H) satisfies the following 
inequality 

2{Au,u)-\\G{u)fj-^^Y,H)>^hf-Mu\H-P^ (G) 
for some constants 77 G (0, 2], Aq > and /> G M. 
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: (Vm,Vu) 



L2' 



U 



Since ||u|| := ||Vti||^2 and {Au,u) = {[u,u)) 

2{Au,u) - ri\\uf = (2 

Hence inequality (G) can be written equivalently in the fohowing form 

||G(n)||2-(y^^) < (2 - 7^)\\nf + Ao|n|^ + p, n G V. (C) 

The fohowing proof of Lemma 15 .31 is standard, see [21]. However, we provide 
ah details to indicate the importance of the assumption (j5.3p on p. 



Proof of estimates (15. 4p . (15.51) and ()5.6p in Lemma 15.31 under the 
assumption (G). 



Let p satisfy condition (I5.3p . i.e. 

pe[2,2 + -^) if 7?G(0,2) 

'- 2 — 7] 

p G [2, oo) if 1] = 2. 
We apply the Ito formula to the function F{x) = \x\^ := \x\-jj, x £ H. Since 



dF 

dx 



p ■ \x\ ■ X 



dx"^ 



< p{p — 1) • \x\^ ^, X £ H, 



we have the following equalities 

d[\Un{t)f] = [p\Un{t)f-\un{t),-AUn{t) - Bn{un{t)) + Pnf{t)) 

1 f)^ F 1 

+ -TV[P„GK(t))^(P„GK(0))*]J dt + p\Unit)r\unit),GiUnit)) dWit)) 
-p\nn(.t)r^\\Un{t)f+p\Un{t)r^{Un{t)J{t)) 



+^TV[P„G(n„(i))^(P„,GK(t)))" 



dt 



+p\Un{t)r^{Unit),G{Un{t))dWit)), t G [0,T]. 

Thus 

d[\Un{tW]+p\Un{t)r^Un{t)f < p\Un{t)r^{f,Un{t))dt 

+ ^pip - 1) \Unit)r' ■ \\PnGinr,m\T,iY,H) dt 
+p\Un{t)r\un{t),G{Un{t))dW{t)) t £ [0,T]. 

By © 

< {2 - Ij) \\Unit)f + Xo\Unit)\^ + p. 
d[\Un{tr]+p\Un{t)r^U^{t)f < pMt)r^{f{t),Un{t))dt 



Thus 



+ p{p-l)\un{t)r'-[{2-rj) 



+ Ao|n„(t)|^ + p] dt 



+p \Un{t)\^-^{Un{t), G{Un{t)) dW {t)) . 
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Moreover, by ()2.3p and the Schwarz inequality, we obtain 

(fit), Unit)) < \f{t)\y, ■ \\Un{t)\\y = \f{t)\y, . {\Un{t)\j, + )^ 

<\fit)\v'\Mt)\H + ^\f{t)\l,+e\K{^'"' 



Hence 



d[\un{t)\''] + [p-pe--pip-l)i2-r])] |n„(t)| 

< P\un{t)r'(\f\y, \nn{t)\H + ^l/ly') dt 

+^p{p - 1) \unit)f~'^ ■ [Ao|n„(t)|2 + p] dt 

+p \Unit)r^{Un{t), G{Un{t)) dW{t)) . 



P-2| 



Moreover, 



p\unit)r' ■ [\fit)\y,KmH + ^jfm, 
+lp{p-i)\unit)r'-[xo\un{t)\'+p] 



\Unit)\ 



p-2 



^pip - l)Ao +p\f{t)\y, \Unit)\H + + \pip " l)p 



< 



-p{p - l)Ao + e\f{t)\'y. |n„(t)r + C{e,p, p)[\f{t)\'y, + l) 



Thus we obtain 

\Un{t)r +[p-pe- \p{p - 1)(2 - 7?) ] \Ur,{s)r^\\Un{s)r ds 

< MO)f + lii^pip - l)Ao + e\f\l,) \unis)rds + Cie,p, p) /q + l) ds 

+P ji\Un{s)r^{Un{s),G{Un{s))dW{s)), t E [0,T]. 

(A.l) 

Let us choose e > such that p — pe — \p{p — 1)(2 — ?y) > 0, or equivalently, 

e<l-l(p-l)(2-7?). 



Notice that under condition 



such £ exists. 



By Lemma E21 we infer that the process 



f^n{t).= \Un{s)r'{Un{s),G{Un{s))dW{s)), t € [0,T] 

Jo 
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is a martingale and that E[/x„(t)] = 0. Thus 

^KitW] < mUn{OW]+ji{lp{p-l)Xo+e\f\l,)mUn{sr]ds 

+C{e,p,p)f;^{\fis)\l, + l)ds, t€[0,T] 

(A.2) 

Hence by the GronwaU Lemma there exists a constant C > such that 

munit)f]<c, VtG[0,r] V?i>l (A.3) 

Using this bound in (lA.ip we also obtain 
rT 



E 



\Unis)f ^||u.„(s) (is 



<C, 



n > 1 



(A.4) 



for a new constant C > 0. This completes the proof of estimates (15. 5p and 
(ESI). 



By the Burkholder-Davis-Gundy inequality, see [17], inequality (IG^ and 
estimates (|A.3j) and (|A.4p . we have the following inequalities 



E 



sup 

.0<s<t 



<Cp-E 
<Cp-K 
<Cp-K 



p\un{a)f-\un{a),PnGiun{a))dW{a)) 



sup \Un[(7)\2 
0<a<t 



sup \Un[a)\2 
0<a<t 



Un{a)r'-\\GMa))f^^^y^^^da 

un{cr)r^ • [Ao |n„(a)p + p + {2 - da 

+ const. 



< Ie[ sup |n„(s)|n + JcVAo - IE / sup |u„(s)|^dcj 

^ 0<s<t ^ L./0 0<s<o- 

Thus, by (IA.2P we have 

E[sup |u4s)|P] <E[|u„(0)n+ f(\p{p-l)\^ +e|/|^,)E[ sup ^^(0^] ds 

0<s<t JO J 0<r<s 



+C{e,p,p) / {\f{s)\l, + l)ds 
Jo 

1 1 /■* 

+-E[sup + -CVAo • / E[ sup |n„(s)|^] do- + consi. 

By the GronwaU Lemma, we obtain (15. 4p . i.e. 

E[sup <Ci{p) 

0<s<t 

for some constant Ci{p) > 0. This completes the proof of estimates (j5.4p . 
(1531) and dMD in Lemma ES □ 



EXISTENCE OF A MARTINGALE SOLUTION 



49 



Appendix B 



The following lemma is a generalization of the result contained in Corollary 
5.3 in [9] for 2D domains bounded in some direction^ Here, we consider any 
2D or 3D domain, possibly unbounded, with smooth boundary. Moreover, 
we impose weaker assumptions on the sequence (itn)^- 



Lemma B.l Let u G L^{0,T; H) and let (un)„ be a bounded sequence in 
L'^{0,T; H) such that Un ^ u in L'^{0,T; Hioc)- Let'y>^ + 1. Then for all 
t G [0,r] and all ip £Vy: 

lim / {B{un{s),Un{s)),^P)ds= I {B[u{s),u{s)),i^)ds. (B.l) 
^^^Jq Jo 

Here (•, •) denotes the dual pairing between and V'. 



Proof. Assume first that ip £ V. Then there exists -R > such that suppV' 
is a compact subset of Or. Then, using the integration by parts formula, 
we infer that for every v,w £ H 



\{B{v,w),^l^)\ 



{v ■ S/tp)w dx 



Of 



< CW\ho„Hho, 



(B.2) 



We have B{un,Un) — B{u,u) = Biun — u,Un) + B{u,Un — u). Thus, using 
the estimate ()B.2p and the Holder inequality, we obtain 

/ {B{un{s),Un{s)),tl)) ds - I {B {u{s) , u{s)) , ijj) ds 

JO JO 



< 



< 



+ 



{B{un{s) - u{s),Un{s)) ,1p),ds 
\Unis) - u{s)\HoJUnis)\Ho^ ds 



{B{u{s),Un{s) - uis)),^}) ds 



< C\\Un - ^^IIl2(0,T;Hc)^)(II^"IIl2{0,T;Ho^) + W'^'W 1^(0, T; Ho j^)) 

where C stands for some positive constant. Since n„ — t- n in L^{0,T; Hioc) 
we infer that (jB.ip holds for every ip gV. 



domain O C R'* is bounded in some direction if there exists a nonzero vector ft G R'' 
such that O n (ft + O) = 0. Here h + O ~ {h + x, x e O}. 
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U ijj £ then for every e > there exists ip^ G V such that HV' — V'ellv^ ^ ^• 
Then 

\{B{un{(j),Un{a)) - B{u{a),u{a)),Tp)\ 

< \{B[uni(7),Un{a)) - B {u{a) , u{a)) , i{j - ipe) I 

+ \{B{un{cr),Uni(7)) - B {u{a) , u{a)) , ifje) \ 

< {\B{un{a),Un{a))\y, + \B{u{a),u{a))\ - V^ellv^ 

7 7 ' 

+ \{B{un{a),Un{a)) - B{u{a),u{a)),ip^)\ 

< e(|un(a)|^ + \u{a)\%) + \{B{un{a),Un{a)) - B{u{a),u{a)) 

Hence 

I / {B{un{a),Un{a)) - B{u{a),u{a)),'4)) da\ 

J s 

<e [ {\urr{a)\% + \u{a)\%)da 
Jo 

+ 1 / {B{un{cr),Un{a)) - B{u{a),u{a)),'il^e) dcr\ 

J s 

< e ■ (sup ||^^n|li2(o,T;H) + \\'"-\\h{0,T;H)) 
n>l 

+ 1 / {B{un{cr),Un{(7)) - B {u{a) , u{a)) , ilje) da\. 

J s 

Passing to the upper hmit as n — )• oo, we obtain 

hmsup| / (i?(n„(fT), n„((T)) — B (^u{a) , u{a)^ , il:) da\ < Me, 



where M := sup„>;^ ^ + II^IIl2(o t-h) ^ Since e > is arbi- 

trary, we infer that 



ft 



hm / {B(un{cr),Un{a)) - B(u{a),u{a)),'il)) da = 0. 

rn-oo J g 

This completes the proof. □ 



In the following Corollary we state a result which is used in the proof of 
Lemma 15.51 



Corollary B.2 Let u G L^{0,T; H) and let (un)^ be a bounded sequence in 
L^{0,T; H) such that Un ^ u in L^{0,T; Hioc)- Then for all t G [0, T] and 
all ^ G U: 

lim / {B{un{s),Un{s)),Pn^P)ds= [ {B {u{s) , u{s)) , ^P) ds . (B.3) 



n—^oo 
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Proof. Let t £ [0, T] and let ip^U.We have 

{B{un{s),Un{s)),Pn'4>) ds 



= / {B{unis),Un{s)),Pnllj - l/j) ds + / {B {un{s) , Un{s)) , ^j) ds 

Jo Jo 
=:h{n) + l2{n). 

Let 7 > I + 1 ■ Let us consider first the term Ii (n) . By (j2.10p , we have the 
following inequalities 

\h{n)\< / \B{un{s),Un{s))\y,ds -WPni) -i^Wy 

Jo ~' 

(■T 



<C \Un{s)\Hds-\\Pnij-ll^\L. 







Since the sequence iun)n>i is bounded in L?{{),T\ H), by (ii) in Lemma[27 
(c) we infer that 



lim Ii{n) = 0. 

n— >-oo 



Since C/ C Ky, by Lemma B.l we infer that 

lim l2{n) = / {B(u{s),u{s)) ds. 
The proof of the Lemma is thus complete. □ 



Appendix C: Some auxilliary results from functional analysis 

The following result can be found in Holly and Wiciak, |20| . 

Lemma C.l (see Lemma 2.5, p. 99 in |2U] ) Consider a separable Banach 
space ^ having the following property 

there exists a Hilbert space H such that ^ C H continuously. (C.l) 

Then there exists a Hilbert space (-j • )^) such that Ti C ^, Ti is dense 
in $ and the embedding T-i ^ <^ is compact. 

Proof. Without loss of generality we can assume that dim<I? = oo and <^ 
is dense in H. Since <I> is separable, there exists a sequence {(pn)n&i ^ 
$ linearly dense in Since $ is dense in H and the embedding ^> ^ 
H is continuous, the subspace span{ipi,Lp2, is dense in H. After the 
orthonormalisation of ((^n) in the Hilbert space (-ff, (-j • we obtain an 
orthonormal basis (/in) of this space. Furthermore, the sequence {hn) is 
linearly dense in <I>. Since the natural embedding l : ^ ^ H \s continuous, 
we infer that 

1 = \hn\H = \l^{hn)\H < M • |/ln|* 

and TTT-i- < kl for all n G N. 
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Let US take r/o £ (0, 1) and define inductively a sequence (??n)„gi^ by 

Vn-i + 1 T „ 

r?„ := , n=l,2, ... 

The sequence {T]n) is strongly r/n = 1. Let us define 

a sequence (r„)„gp^ by 

^ — Vn 

rn := 7^7-7^ > 0, n = l,2,... 
Obviously lim„^oo = 0. Let us consider the set 

I n=l J 

and the Hilbert space L^(N*,IfC), where : 2^ — )• [0, 00] is the measure 
given by the formula 

The linear operator 

00 



n=l 



is well defined. Moreover, I is an injection and hence we may introduce the 
following inner product 

(•I • )n ■= (-1 • :nxn3{x,y)^ {r' x\l-' y) ^2 G K. 

Now, / is an isometry onto the pre-Hilbert space ("H, (-1 0-^) ^^'^ consequently 
T-l is ("I • )^-complete. Let us notice that for all x,y £7i 



00 ^ 00 ^ 

ix\y)H = ^Z2- ix\K)Hiy\hn)H^ \x\h = ^ ' 

n=l " n=l " 



|2 



We will show that T-L C ^ continuously. Indeed, let x G "H, < 1. Then 
for i E N 



\{x\hi)hi\q> = \{x\hi)\-\hi\q> < ri|/ij|$ = J^'. ^ \hi\^ = = rji-rji^i. 

z I n, j I <j) z 



. . = — 

2 1 /i j I <j) 2 
Thus, for any fc, n G N, k < n, we have the following estimate 

n n 

I ^ {x\hi)hi < iVi- Vi-i) =fln- Vk- 

i=k+l i=k+l 

Since in particular, the sequence (s„ := Y17=i(^\^i)^i) Cauchy in the 
Banach space (^>, | • |$), there exists if £ ^ such that lim^^oo \sn — V'l* = 0- 
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On the other hand, s„ = ^i=i{x\hi)hi x in H. Thus by the uniqueness 
of the hmit (f = x €z ^ and 

n 

'y^^{x\hi)hi — )■ X in <I> . 

i=l 

Moreover, 

< \Sn\<l> < Vn - VO > 1 - %• 

oo-<— n n— >oo 

Thus Ti C ^ continuously (with the norm of the embedding not exceeding 

We will show that the embedding j : Ti ^ ^ is compact. It is sufficient 
to prove that the ball Z := {x & H : < 1} is relatively compact in 
I • 1$). According to the Hausdorff Theorem it is sufficient to find (for 
every fixed e) an e-net of the set j{Z). 

Since lim„_^oo ?7n = l, there exists n E N such that I — r]n < f • The linear 
operator 

n 

Sn ■■ y. 3 X 1-^ ^{x\hi)hi £ ^ 
i=l 

being finite-dimensional is compact. Therefore Sn{Z) is relatively compact 
in (<I>, I • 1$) and consequently there is a finite subset F C ^ such that 

SniZ)C[j^^Z^^{^4)- 

We will show that the set F is the e-net for j{Z). Indeed, let x € Z. Then 
Sj\f{x) — )• X in (<I>, I • 1$) and 

|x-5„(x)|$ i \Sn{x) - Sn{x)\<i> <riN - Vn > l-?/n<|- 

On the other hand, Sn{x) G 5„(Z), so, there is if £ F such that 5„(x) E 
B$(99, 1). Finally, 

\x - <\x- Snix)\<S> + \Snix) - <^|<I> < | + | = £, 

i.e. xGM^{ip,e). Thus 

Zc\J M^{^,e). 

The proof is thus complete. □ 

Appendix D: Auxiliary deterministic result 

Assume that d = 2. Let z e L^{0,T,V) nC{[0,T]; H), f G L^{0,T;V') and 
Uq € H he given. Let us consider the following problem 

i ^ = -Av{t) + v{t) + z{t) - B{v{t) + z{t)) + fit)], t G (0, T), 
\ v{0) = uo. 

(D.l) 
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Definition D.l We say that v G L'^{0,T,V) n C{[0,T]; H^) is a weak 
solution of problem ()D.ip iff for all t G [0, T] and all G F the following 
equality holds 

{vit),<l)) ^= {uo,(j))^- Jq {v{s), (l))yds + /o {v{s) + z{s),(p)^ ds 
- /o {B{v{s) + z{s)l <P) ds + (/(s), <f>) ds. 

(D.2) 

Using the Galerkin method and the compactness criterion contained in 
Lemma 13.31 we will prove the existence and uniqueness of the weak solu- 
tions. Moreover, using Lemma in.1.2 in j35j we show that the weak solution 
is almost everywhere equal to a continuous H-valued function. 

Theorem D.l Assume that d = 2. Let z e L^{0,T,V) n C{[0,T]; H), 
f E L^{0,T;V') anduo £ H. 

(a) There exists a unique weak solution of problem !(D.1\} . 

(b) The weak solution is almost everywhere equal to a continuous H- 
valued function defined on [0, T] . 



Proof. Let {cj}^^ be the orthonormal basis in H composed of eigenvectors 
of the operator L defined by (j2.19p . Let Hn := spanjei, e„} be the 
subspace with the norm inherited from H and let Pn : U' ^ Hn be defined 
by (|2.25p . Let us consider the Faedo- Galerkin approximation in the space 

Hn 

I ^=Pn[-AVn{t) + Vn{t)+z{t)-B{Vn{t)+z{t))+f{t)], 

In a standard way we infer that there exists a unique absolutly continuous 
local solution of problem ()D.3p . Moreover, by Lemma 12.21 (a), we obtain 

= -2\\Vn{t)f+2{z{t),Vn{t))H-2{B{Vn{t) + z{t)),Vn{t))+2{f{t),V, 

(D.4) 

Step 1. We establish some estimates on the Galerkin solutions Vn- Let us 
fix n G N and t € (0,T). We have the following inequalities 

2{z{t),Vn{t))^ < 2\z{t)\H\Vn{t)\H < \z{t)\l + Kit)^, (D.5) 

and 

2{f{t),Vn{t)) < 2\f{t)\v'\\Vn{t)\\v < \f{t)\^V' + \Mt)\l + \\Vnit)f. (D.6) 

By ([23]) and ([ISl), we obtain 

{B{Vn{t)+z{t)),Vn{t)) = {B{Vn{t) + z{t),z{t)),Vn{t)) 

= -{B{Vn{t) + z{t),Vn{t)),z{t)). 
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We claim that for every e > there exists a constant > such that 

+ <e|b„(t)||2+C7,(b„(t)|2, + l)||z(t)||i4. (D.7) 

Indeed, we have 

\{B{Vn{t) + z{t),Vn{t)), Z{t))\ 

< \\Vn{t) + z{t)y\\z{t)\\^,\\Vn{t)\\ (D.8) 

< ^\\v4t)\\^ + Ce\\Vnit) + zmhMMl^ 

for some constant > 0. Moreover, by (j7.ip we obtain 

CeWVnit) + Z{t)\\l4z{t)\\l, 

<2C,(|K(t)||i, + ||z(t)||2,)||z(t)||i, 

< 2V2Ce\Vn{t)\H\\Vn{t)\\ ■ \\z{t)\\l, + 2C,\\z{t)\\l, ^^"^^ 

<f||t;„(t)f +4|^;„(t)|2,||^(t)||4,+2C,||z(t)||i4. 
By (jP.Sp and (|D.9p the proof of inequahty ()D.7p is complete. 

Using inequalities (jP.Sp . (|D.6p and inequahty (jP.Tp with e := ^ in (|D.4p we 
infer that 

^bnWlH + ^lbn(t)f < a{t) + 0(t)bn(t)|l^, (D.IO) 

where a{t) = \z{t% + \f{t)\l, + and = 2 + Ci ||z(t)||4,. 

Since z G L^j-q^ p (^qq, T]; iJ), by inequality we have ||^(t)||^4 < 
2\z{t)\]j\\z{t)f , t G [0,r], and hence 

/ ||z(t)||^4C?t < 2 sup \z{t)\]j / (it < oo. 

Notice that the functions a and ^ are nonnegative and integrable. 
By (jmoj) . we obtain 

\Mt)\H + l [ \\vn{s)\\^ds< [ a{s)ds+ [ 9{s)\vn{s)\%ds. (D.ll) 
^ JO Jo Jo 

In particular, 

bn(t)lH< / a{s)ds+ [ 9{s)\vn{s)\'j^ds 



and hence by the Gronwall Lemma, see |37l page 18], for all t G domivn) 
\vn{t)\H < bn(0)|l^exp(^ ^(s) c?s) + ^ a(s)exp(^ 0(r)dr)ds 

<\uo\Hexp(^J e{s)ds^ +exp(^J e{r)dr^j a{s)ds=:Ki. (D.12) 

Since inequality (|D.12p holds for all t G dom{vn), we infer that 

sup \vnit)\l < Ki. (D.13) 

t£dom{vn) 



/ 

J do 
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By (jP.lip and ()D.13|) we have also the following inequality 

\Vn{s)fds < K2 

ldom{vn) 

for some constant K2 > 0. Hence dom{vn) = [0, T], i.e. the Galerkin 
solutions are defined on the whole interval [0, T] and satisfy the following 
inequalities 

sup sup \Vn{t)\]i < Ki. (D.14) 

nGNiG[0,T] 

and 

rT 

\vn{s)fds<K2 (D.15) 



sup 

neN Jo 



Step 2. Let us consider the sequence of the Galerkin solutions. Using 
Lemma 13. 3^ we will show that {vn) is relatively compact in the space Z 
defined by (ISHD, i.e. 

Z = C([0, T]; U') n L2,(0, T- V) n L2(0, T; Hioc) n C([0, T]-H^). 



Indeed, since {vn) satifies inequalities ()D.14|) and (ID.lSp . it is sufficient to 
check that satifies condition (c) in Lemma [ 



By ()D.3p and Lemma [22] (a) we have for all s, t G [0, T] such that s <t 

Vn{t) - Vn{s) = - I PnAvn{r) dr + Pnz{r) dr 
J s J s 



1: 



(D.16) 



PnB{vn{r) + z{r))dr + J Pnf{r)dr. 

Let us recall that we have the following continuous embeddings 

U CV^ CV C H ^ H' CU\ 

where 7 > | + 1. Let us fix (5 > and assume that |t — s| < S. We will 
estimate each term on the right-hand side of equality (|D.16P . 



By continuity of the embedding U C V, (j2.14p . the Holder inequality, 
Lemma [231(c) and ([ms]) we have 



PnAvnir) dr 



< c62 



\vn{rWdr) <ci52. 



(D.17) 



Since the embedding U C H is continuous and the restriction of Pn to U in 
an orthogonal projection and z G C{[0,T]; H), we have 



/ Pnz{r) dr < c sup |z(r)|// • 6 = C2S 

Js U' rG[0,T] 



(D.18) 
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By the continuity of the embedding U C Vy, Lemma [2^ (c) and inequaUties 
(pTTO]l and (iDlil) we obtain 

PnB{vn{r) + z{r)) dr\^^ < C |^;„(r) + z{r)\l dr 
< C6 sup,,g[o^T] \vn{r) + z{r)\jj < C36. 

Since the embedding U C V is continuous and / € L'^{0,T;V'), by the 
Holder inequahty and Lemma 12.41 (c) we obtain 

fPnf{r)dr ^<c6Uf\f{r)\l„dry<Ci6'2. (D.20) 

J s ^ J s 

By (jPTTG]) and inequaUties (!DT71) - (ID?20]1 we infer that 

lim sup sup \Vn{t) — Vn{s)\ui = 0. 
■5-^0 neN s,te[o,T] 
\t-s\<S 

Hence by Lemma [3^31 the sequence (vn) contains a subsequence, still denoted 
by (vn), convergent in the space Z to some v £ Z. In particular, v G 
L^iO,T;V)nCi[0,T];H^). 

Step 3. We will prove that v satisfies equality ()D.2p . By (ID.Sp . Lemma [212] 
(a) and equalities (12.15P and ()2.27p . we infer that for all (p £ U 



{Vn{t),(l)) ^ = {uo,Pn^) ^ - {{vn{s),Pn^)) ds + {z{s) , Pncf) ^ ds 



{B{Vn{s) + z{s)),Pn4>)ds+ / {f{s),Pr,(f>)ds. (D.21) 

Jo 

We will pass to the limit as n —t- 00 in equality ()D.2ip . Since Vn ^ v in the 
space Z, by Lemmas 12.41 (c) and B.2 we find that for all t G [0,T] and cj) £ U 



{v{t),4>) ^ = {uo,(t)) ^ - {{v{s),<p)) ds + {z{s),(t))^ds 



{B{v{s) + zis)),<P)ds+ {f{s),<P)ds. (D.22) 

Jo 

Since U is dense in the space V, equality holds for all (f) £ V, as well. Hence 
by ()2.2p . V satisfies equality ()D.2p . i.e. is a weak solution of problem (jD.lh . 

Step 4- (Uniqueness) Let vi,V2 be two weak solutions of problem ()D.ip . Let 
w := vi — V2- Since 

B{vi + z)- B{v2 + z) = B{vi + z,w) + B{w, V2 + z), 

w satisfies the follwing equation 

/ ^ = -Aw - B{vi + z,w) - B{w,V2 + z), 
\ w{0) = 0. 
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By Lemma EU we infer that w' £ L'^{0,T; V) and hence 
~\wit)\l = -\\w{t)f - {B{W,V2 + Z),W) 



Moreover, by ()7.2p 

\-{B{w,V2 + z),w)\ = \{B{w),V2 + z)\ < V2\w\h\\w\\\\''^2 + z\ 

Thus 

^ w{t)\% + \\w{t)f < 2\w{t)\%\\v{t)^ + z{t)f 



dt 

and, in particular, 

\w{t)\jj < \wmjj + 2 r \w{s)\l\\v{s)^ + z{s)f ds, t G [0, T]. 
Jo 

Since w{0) = 0, by the Gronwall Lemma we infer that w = 0, i.e. vi = V2- 

Let us move to the proof of (b). Let us write equahty (|D.22p in the following 
form 

dv 

— = -Av + z- B{v + z) + f. 

Since v S L?'{G,T;V), by Lemma in.1.2 in |35] it is sufficient to show 
that v' £ L'^{0,T;V'). The most difficulty appears in the nonlinear term. 
However, since v,z £ L^{0,T;V) D L°°{0,T; H), Lemma O yields that 
B{v + z) £ L^(0,T; V'). The proof of the Theorem is thus complete. □ 
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